Translations 


Objectives To identify isometries 
‘To find wanslation images of figures 


Suppose you write the letters 
shown on squares of tracing paper, 
/ so their shapes are visible from 

SeOOMEMMM both sides. For each pair of 
PSR TERME words, how can you move the 
Meester squares of paper to change 
‘around to turn Word A into Word B? Describe 
Word A into each movement in as much detail 
Word B. as you con. Note: No square 

should remain in its original position 


o-... | In the Solve It, you described changes in positions of letters. In this lesson, you will 


ocabulary learn some of the mathematical language used to describe changes in positions of a 
transformation geometric figure. 
* preimage ei 
image Essential Understanding You can change the position of a geometric figure 
* isometry without changing its size or shape. 
* translation 
* composition of , ' ; os ; 
pedicle alt A transformation of a geometric figure is a change in the position, shape, or size of 
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the figure. When you play dominoes, you often move the dominoes by flipping them, 
sliding them, or turning them. Each move is a type of transformation. The diagrams 
below illustrate some basic transformations that you will study. 


Gas 85 aed | 
“ — 


‘The domino flips. ‘The domino slides. ‘The domino turns. 


Ina transformation, the original figure is the preimage. The resulting figure is 
the image. An isometry is a transformation in which the preimage and image are 
congruent. 
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Think ) Problem 1} Identifying an Isometry 
in 
wataen ae Does the transformation at the right appear to be an 
about an isometry? isometry? Explain. 
Kare the Lied No, this transformation involves a change in size. The 
peed sides of the preimage square and the sides of its image ielnage mae 
are not congruent. 
Got It? 1. Does the transformation appear to be an isometry? Explain. 
a. b. 
Image 
Preimage | 
A transformation maps a figure onto its image and may be described with arrow 
notation (+). Prime notation (") is sometimes used to identify image points. In the 
diagram below, K" is the image of K. 
a 
AIKQ > 2'K'Q! 
AJKQ maps onto A\J'K'Q'. 
Q 
Notice that you list corresponding points of the preimage and image in the same order, 
as you do for corresponding points of congruent or similar figures. 
I [OJ problem 2] Naming Images and Corresponding Parts 
pe en _ Inthe diagram, E’F’G'H’ is an image of EFGH. 
corresponding DB whatare the images of ZF and ZH? 
You can use ZF is the image of 2F. ZH’ is the image of 2H. 
prepa what are the pairs of corresponding sides? 
Contsponig Lae FFandEF = FGand FPG’ 
in the names of the | EHandEH = GHandGH EFGH->E'F'G'H! 
preimage and image. 
@ Got It? 2. In the diagram, ANID ASUP. u 


a. What are the images of // and point D? 
b. What are the pairs of corresponding sides? : 


D 
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Essential Understanding ‘the size, shape, and orientation of a geometric 
figure stay the same when you slide the figure in one direction. 


| Atranslation is a transformation that maps all 
points of a figure the same distance in the 
same direction. 


A translation is an isometry. 


‘The diagram at the right shows a translation in the 
coordinate plane. Each point of the black square 

moves 4 units right and 2 units down. Using 

variables, you can say that each (1, y) pair in the original 
figure is mapped to (x’, y’), where x" = x + 4and 

y = y ~ 2. You can use arrow notation to write 

the following translation rule. 


B moves 4 units 
) tight and 
| 2 units down. 


(wy) (e+ 4y — 2) 


@r=urn « 


What are the images of the vertices of A PQR for the 
translation (x, y) > (x — 2, y — 5)? Graph the image 


ding the Image of a Translation 


of APQR. 
“4 

Think Identify the coordinates of each vertex. Use the translation rule 

In. to find the coordinates of each vertex of the image. 
What does the rule 
tell you about the (wy & - By — 5) 

i 

decion exch rele P(2,1)+(2 ~ 2,1 ~ 5), or PO, ~4). 
x’ =x — 2 means Liege oaa 1. 
ieeatset Q(3,3)+(3 ~ 2,3 — 5), or Ql, -2). 
2units left. y = y — 5 R(-1,3)>(-1 ~ 2,3 ~ 5), or R'(—3, -2). 
means that each point 
moves 5 units down. e of APQR, first graph P’, Q’, and R’, Then 


and R’P’, 


Got It? 3. a. What are the images of the vertices of AABC for the 
translation (x,y) > (x + 1,y = 4)? Graph AABC and 
its image. 

b. Reasoning Draw Ad’, BB’, and CC’. What relationships 
exist among these three segments? How do you know? 
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eC Writing a Rule to Describe a Translation 


What is a rule that describes the 
translation PQRS~ P’Q’R'S'? 


The coordinates of the vertices 
of both figures 


An algebraic relationship between Use one pair of corresponding vertices to find 


(6% y) and (x, y') "the change in the horizontal direction (x) and the 
change in the vertical direction (y). 
| Use P(—3, 4) and — 
its image P’(5, 2). Horizontal change: 5 — (—3) = 

inink . x =x+8 
How do you know 
which pair of 
A translation moves, }y'=y-2 
all points the same 
distance and direction. 
You can use any pair of 
corresponding vertices. 


| ‘The translation rule is (x, y)>(« + 8,y — 2). 


i) Got It? 4. The translation image of ALMN is AL'M'N’ with 
(1, -2), M'(3, ~4), and N'(6, —2). What isa rule that 
describes the translation? 


A composition of transformations is a combination of two 
or more transformations. In a composition, you perform each 
transformation on the image of the preceding transformation. 


In the diagram at the right, the field hockey ball can move from 
Player 3 to Player 5 by a direct pass. ‘This translation is represented 
by the blue arrow. The ball can also be passed from Player 3 to 
Player 9, and then from Player 9 to Player 5. The two red arrows 
represent this composition of translations. 


In general, the composition of any two translations is another 
translation. 


PowerGeometry.com 


Chess ‘The diagram at the right shor 
moves of the black bishop in a che 
Where is the bishop in 

original position? 


Use (0, 0) to represent the bishop's original posi 
represent each move. 


(x,y) +(x + 4,y — 4) The bishop moves 4 squares right and 4 squares down, 

(x,y) +(x + 2,y + 2) The bishop moves 2 squares right and 2 squares up. 
‘The bishop's current position is the composition of the two translations. 

First, (0, 0) translates to (0 + 4,0 — 4), or (4, —4), 

‘Then, (4, ~4) translates to (4 + 2, —4 + 2), or (6, ~2). 


‘The bishop is 6 squares right and 2 squares down from its original position. 


Got It? 5. the bishop next moves 3 squares left and 3 squares down. Where is the 


bishop in relation to its original position? 
/) Lesson Check 


Do you know HOW? Do you UNDERSTAND? 

1. If AJP AJ'P'T’, what is the image of P? 4, Vocabulary What is true about a transformation that 
‘The image of 7]? is not an isometry? Include a sketch of an example. 

2. Copy the graph at the right. 5. Error Analysis Your °° * B* * 
Graph the image of NILE for the friend says the o's ae e 
translation (x, y) +(x — 3,y — 4). transformation 3 is 

3. Point H(x, y) moves 12 units left AABC+APQRIGG yy . 
and 4 units up. What is a rule that tandlation: Sepia” 

andcorrecthererro. .A,.46.908 24.4 4? 


describes this translation? 

6. Reasoning Write the translation (x, y) +(x + 1, y — 3) 
as a composition ofa horizontal translation and a 
vertical translation. 
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e@ Practice and Problem-Solving Exercises 


Practice 


Tell whether the transformation appears to be an isometry. Explain. @ See Problem 1. 
7. mage 8. 9. 
Image 
Preimage Image 
Preimage 
In each diagram, the blue figure is an image of the black figure. @ See Problem 2, 


(a) Choose an angle or point from the preimage and name its image. 
(b) List all pairs of corresponding sides. 


10. QR 11. p, RoR 12. G WR 
, ‘< y 
: POS 
5 R Ng 
e Q by P 
Copy each graph. Graph the image of each figure under the given translation. @ See Problem 3. 
13. (yy) +3,y +2) 14. (yy) >(x + 5y — 1) 15. (x,y) >(@ — 2,y +5) 


‘The blue figure is a translation image of the black figure. Write a rule to describe — @ See Problem 4. 
each translation, 


17. 


19. Travel You are visiting San Francisco. From your hotel near Union Square, you @ See Problem 5. 
walk 4 blocks east and 4 blocks north to the Wells Fargo History Museum. Then 
you walk 5 blocks west and 3 blocks north to the Cable Car Barn Museum, Where 
is the Cable Car Barn Museum in relation to your hotel? 
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@ Apply 


20. Travel Your friend and her parents are visiting colleges. They leave their home in 
Enid, Oklahoma, and drive to Tulsa, which is 107 mi east and 18 mi south of Enid. 
From Tulsa, they go to Norman, 83 mi west and 63 mi south of Tulsa. Where is 
Norman in relation to Enid? 


21. In the diagram at the right, the orange figure is a translation image of 
the red figure. Write a rule that describes the translation, 


22, Think About a Plan AMUG has coordinates M(2, ~4), U(6, 6), 
and G(7, 2). A wanslation maps point M to M’(~3, 6). What are the 
coordinates of U’ and G’ for this translation? 

* How can you use a graph to help you visualize the problem? 
How can you find a rule that describes the translation? 


23. Coordinate Geometry PLAT has vertices P(~2, 0), L(~1, 1), A(0, 1), and (1, 0). 
P'L'A'T’ is the image of PLAT for the translation (x, y) > (x + 2, y ~ 3). Show that 


AA’, and TT’ are all parallel. 


Geometry in 3 Dimensions SAMPLE Use the rectangle and (x, y) > (x + 3, y + 1) to draw a box. 


Follow the sample at the aT) Step2 > a 
df aaeee 
| T i 


right. Use each figure, 
24. (x,y) > (x + 2,y — 1) 25. (x,y) +(x — 2,y + 2) 26. (x, y)>(x — 3,y — 5) 


graph paper, and the given 


translation to drawa 

three-dimensional figure. 

27. Open-Ended You are a graphic designer for a company that manufactures 
wrapping paper. Make a design for wrapping paper that involves translations. 


Step 1( [bat 


28. Reasoning The translation (x, y) (x + 5,y + 7) maps AMNO onto AM'N'O'. 
What translation rule maps AM'N'O' onto AMNO? 


29. Landscaping ‘The diagram at the right shows the site plan for a backyard 
storage shed. Local law, however, requires the shed to sit at least 15 ft from 
property lines, Describe how to move the shed to comply with the law. 


30. Computer Animation You write a computer animation program to help young 
children learn the alphabet. The program draws a letter, erases the letter, and 
makes it reappear in a new location two times, The program uses the following Property line 
composition of translations to move the letter, 

(uy) (x + 5, y + 7) followed by (x, y) > (x — 9,y ~ 2) 
Suppose the program makes the letter W by connecting the points (1, 2), (2, 0), 
(3, 2), (4, 0) and (5, 2). What points does the program connect to make the last W? 


Property line 
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31. Use the graph at the right. Write three different translation rules for which the 
image of AJKL has a vertex at the origin. 

Find a translation that has the same effect as each composition of translations. 

32. (x,y) +(x + 2,y + 5) followed by (x, 9) +(x — 4, + 9) 

33. (x, y) +(x + 12, y + 0.5) followed by (x, y) > (« + 1, y — 3) 


Q@ chaitenge 34. Coordinate Geometry AABC has vertices A(—2, 5), B(—4, —1), and C(2, —3). 
= Show that the images of the midpoints of the sides of A ABC are the midpoints of 
the sides of AA’B'C’ for the translation (x, y) (x + 4,y + 2). 


35. Writing Explain how to use translations to draw a parallelogram. 


Standardized Test Prep 


\satiact 36. AABC has vertices A(—5, 2), B(0, —4), and C(3, 3). What are the vertices of the 
image of AABC under the translation (x, y) > (x + 7,y — 5)? 
@DA'(2, -3), B'(7, 9), C'(10, -2) @A(-12, 7), B(—7, 1), C'(-4, 8) 


@® a(-12, -3), B(-7, -9), (4, -2) @D A'(2, —3), B'(10, —2), (7, -9) 


37. What is the value of xin the figure at the right? 


@B15 D8 
@i D185 
38. In APQR, PQ = 4.5, QR = 4.4, and RP = 4.6. Which statements true? 
BD meP + mEQ< mZR @® /Ris the largest angle. 
® Z is the largest angle. GD mZR < mzP 
Short 39, CABCD has vertices A(0, ~3), B(—4, —2), and D(~1, 1). 
Response a. What are the coordinates of C? b. Is DABCD a rhombus? Explain. 


Mixed Review 


40. Navigation An airplane lands ata point 100 km east and 420 km south from @ See Lesson 8-5, 
where it took off. Describe the magnitude and the direction of its flight vector. 


B E @ See Lesson 4-7. 


A D Cc d 


Get Ready! To prepare for Lesson 9-2, do Exercises 42-44. 
Write an equation for the line through A perpendicular to the given line. @ See Lesson 3-8. 
42. A(1, -2);x = -2 43. A(-1,-Diy=1 44, A(-1,2);y =x 
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Concept Byte 


Use With Lesson 9-2 


In Activity 1, you will see how a figure and its reflection image are related. In Activity 2, 
you will use these relationships to construct a reflection image. 


Aatiyiy! 
Step 1 Usea piece of tracing paper and a straightedge. Using less than half the page, 
draw a large, scalene triangle. Label its vertices A, B, and C, 


Step 2 Fold the paper so that your triangle is covered. Trace AABC using a 
straightedge. 


Step3 Unfold the paper. Label the traced points corresponding to A, B, and Cas 
A’, Band C’, respectively. AA'B'C’ isa reflection image of AABC. The fold 
is the reflection line. 


] 
A 


ot 
Ti34567 
B B Br 


4. Use a ruler to draw AA’. Measure the perpendicular distances from A to the fold 
and from A’ to the fold. What do you notice? 


2. Measure the angles formed by the fold and AA’. 


3. Repeat Questions 1 and 2 for B and B'and for Cand C’. Then, make a conjecture: 
How is the reflection line related to the segment joining a point and its image? 


eatiiny 2 
Step 1 On regular paper, draw a simple shape or design made of segments, Use less. 
than half the page. Draw a reflection line near your figure. 
Step 2 Use a compass and straightedge to construct a perpendicular to the 
reflection line through one point of your drawing. 
4. Explain how you can use a compass and the perpendicular you drew to find the 
reflection image of the point you chose. 
5. Connect the reflection images for several points of your shape and complete the 
image. Check the accuracy of the reflection image by folding the paper along the 
reflection line and holding it up to a light source. 
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Reflections 


Objective | To find reflection images of figures 


Look at the shapes at the 
right. Visualize flipping each 


shape across its yellow line 
What word do the images of 

ERC the shapes form? Copy the 

peat Lae shapes as they are shown 

transformition! and sketch the results of 
flipping them. 


Reflections flips across a line, the preimage and its image are congruent and have opposite 


= 7 In the Solve It, you visualized shapes flipping across lines, Notice that when a figure 


orientations. You can tell that two figures have opposite orientations if the 
corresponding vertices of the preimage and image read in opposite directions. 


so 
; B B' ru} : 
The vertices of << The vertices of 
line of reflection nausresd => ( Fie’ — ABU" read 
U , . 
Cae ase ed . 


I 
! a 

clockwise. iu counterclockwise. 
’ 


Essential Understanding ‘he size and shape of a geometric figure stay the 
same when you flip the figure across a line. Its orientation reverses. 


Reflection across a line r, called the 


line of reflection, is a transformation The preimage B and 


with these wo properties: its hice ie a 
+ Ifapoint A ison line r, then the eq 


, the line of reflection. 
image of A is itself (that is, A’ = A). -é 


«Ifa point Bis not on line r, then ris, 
the perpendicular bisector of BB’. 


A reflection across a line is an isometry. 


Reflections 


@g eu Reflecting a Point Across a Line 


Multiple Choice If point P(3, 4) is reflected across the line y = 1, what are the 
coordinates of its reflection image? 
D3, -4) @® (0,4) @ (3, -2) @®D (-3, -2) 
Graph point P and the line of reflection y = 1, Pand its reflection image across the line 
must be equidistant from the line, 
3 fat tt 
Think Py Move along the line through P that 
How does a graph per? i= is perpendicular to the line of reflection. 
help you visualize the Se el 
bach aC ae 
‘Aggraph shows that t Stop when the distances of P and P’ 
y= lisa horizontal Peper to the line of reflection are the same. 
ine, so the line through 
P that is perpendicular to | 
the line of reflection is a 
vertical Ine Pis3 units above the line y = 1, so P’ is 3 units below the line y = 1."the line y = Lis 
the perpendicular bisector of PP’ if P’ is (3, —2). The correct answer is C. 
7) Got It? 1. Whatis the image of P(3, 4) reflected across the line x = —1? 
@ eeu) Graphing a Reflection Image 
Coordinate Geometry Graph points A(—3, 4), B(0, 1), and C(4, 2), What is the image 
of AABC reflected across the y-axis? 
Step 1 Step 2 Step 3 
Graph AABC. Show the Find A’, B’, and C’. B’ is Draw AA'B'C’. 
y-axis as the dashed in the same position as B 
line of reflection, because Bis on the line of 
reflection. Locate A’ and 
C’ so that the y-axis is the 
Think perpendicular bisector of 
‘ABC intersects the idstbon 
line of reflection, + 
How will the image 5 
relate to the line of A | 
reflection? a 
The image will also 
tel line of 7 5, maa 5 
i > a a Ha 2 joy [214 


@ Got If? 2. Graph AABC from Problem 2. What is the image of AABC reflected across 
the x-axis? 
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GOED Minimizing a Distance 


Hiking Beginning from a point on Summit Trail, a Se 
hiking club will build a trail to the Overlook and a 

trail to Balance Rock. Working under a tight budget, 

the club members want to minimize the total length e 
of the two trails. How can you find the pointon RS o 
Summit Trail where the two new trails should start? Summit Trail 
Assume the trails will be straight and that they will e 
cover similar terrain. 


Think Know Need Plar 
To see how the Triangle The ending points, O and R, The point P on Summit Tal for Reflect 0 across Summit Tail to. 
Inequality Theorem of the two trails which OP + PR is as small as 0’. Then find the intersection of 
applies, look at another possible ‘Summit Trail and RO’. 
possible starting 
point, S. You can use 
Predreetye You need to find the point P on line t such that 
‘ OP + PRisas small as possible. Locate O', the 
oO ° reflection image of O across t. Because fis the 


tt 
ae" perpendicular bisector of 00’, PO = PO! and 

OP + PR = O'P + PR. By the Triangle Inequality 

| Theorem, the sum O'P + PR is smallest when R, P, 

R and O’ are collinear. So, the trails should start at the 


Pl 


point P where RO’ intersects line t. 


Got It? 3. Reasoning Your classmate began to solve the problem above by reflecting 
point R in line ¢. Will her method work? Explain. 


iY) Lesson Check 


Do you know HOW? Do you UNDERSTAND? 


Use the graph of AFGH. 4. Vocabulary What is the relationship between a line 
of reflection and a segment joining corresponding 


1. What are the coordinates ; F : 
points of the preimage and image? 


of H reflected across the 
y-axi 


5. Error Analysis A classmate 
reflected point A across line ras 


2. What are the coordinates fi 
: shown in the diagram. Explain 
of G reflected across the ‘ 
: your classmate’s error. Copy 
line x = 3? . " 
point A and line rand show the 
3. Graph AFGH and its correct location of A’, 


reflection image across 
theline y = 4, 


* 


What are the coordinates of a point P(x, y) reflected 
across the y-axis? Across the x-axis? 
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S 


Each point is reflected across the line indicated. Find the 
coordinates of each image. 


@ See Problem 1. 


7. Qacross x = 1 8. Racross y = ~1 
9. Sacross the y-axis 10. Tacross y = 0.5 
11, Uacross x = —3 12. Vacross the x-axis, 
Coordinate Geometry Given points (1, 4), A(3, 5), and R(2, 1), graph AJAR @ See Problem 2. 
and its reflection image across each line. 
13, thex-axis 14. they-axis 15. y = 2 16. y=5 Wx=-1 18 


19. Civil Engineering Town officials in Waterville 
and Drighton plan to construct a water pumping 
station along the Franklin Canal. ‘The station 
will provide both towns with water. Where along 
the canal should the officials build the pumping, 
station to minimize the total length of pipe needed? 


@ See Problem 3. 


Copy each figure and line ¢. Draw each figure’s reflection image across line ¢. 


20. oo at. ef 2 (aR ee 


| 
y 
23. Coordinate Geometry ‘The following steps explain how to reflect 
point A across the line y = x. 


Step 1 Draw line ¢ through A(5, 1) perpendicular to the line y = x. 
‘The slope of y = xis 1, so the slope ofline ¢ is 1 + (—1), or —1. 


Step 2 From A, move two units left and two units up to y = x. Then 
move two more units left and two more units up to find the 
location of A’ on line €, The coordinates of A’ are (1, 5). 


a. Copy the diagram. ‘Then draw the lines through B and C that are 
perpendicular to the line y = x. Whats the slope of each line? 

b. Reflect B and C across the line y = x. What are the coordinates of B’ and C’? 

¢. Graph AA'B'C’. 

d. Make a Conjecture Compare the coordinates of the vertices of AABC and 
AA'B'C’, Make a conjecture about the coordinates of the point P(q, b) reflected 
across the line y = x. 

24. Coordinate Geometry AABC has vertices A(—3, 5), B(—2, —1), and C(O, 3). 
Graph AABC and AA’B'C’, the reflection of AABC across the line y = —x. 
(Hint: See Exercise 23.) 
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25. Recreation When you play pool, you can use the fact that p 
the ball bounces off the side of the pool table at the same 
angle at which it hits the side, Suppose you want to put 
the ball at point B into the pocket at point P by bouncing it 
off side RS, Off what point on RS should the ball bounce? 
Draw a diagram and explain your reasoning. 


26. Think About a Plan ‘The coordinates of the vertices of 
AFGHare F(2, ~1), G(-2, —2), and H(—4, 3). Graph AFGH 
and its image AF'G'H' fora reflection across the line y = x — 
© Whatis the relationship between the line y = x — 3 and FF, 
* How can you use slope to find the image of each vertex? 


7, and HH? 


Copy each pair of figures. Then draw the line of reflection you can use to map 
one figure onto the other. 


27. 28. 29. 


30. History The work of artist and scientist Leonardo da Vinci (1452-1519) 
hasan unusual characteristic. His handwriting is a mirror image of 
normal handwriting. 

a. Write the mirror image of the sentence, “Leonardo da Vinci was left- 
handed." Use a mirror to check how well you did. 

b. Explain why the fact about da Vinci in part (a) might have made mirror 
writing seem natural to him. 


31. Open-Ended Give three examples from everyday life of objects that come 
in a left-handed version and a right-handed version. 


Find the image of O(0, 0) after two reflections, first across line ¢, and 
then across line (5. 
32. (yy = 3, ty: x-axis 33. (x = —2, by: y-axis 34, Cy: x-axis, ¢y: y-axis 


35. C:x = -2,g:y =3 36. Cy:y = 3,lg:x = —2 37, (x = 2, :y = 2 


38. (x= a,G:y=b 39. (x =a, g:y =x 40. :y = b, iy =x 


41, Reasoning When you reflect a figure across a line, does every point on the 
preimage move the same distance? Explain. 


42. Security Recall that when a ray of light hits a mirror, it bounces Mirrored wall 
off the mirror at the same angle at which it hits the mirror, You 
are installing a security camera, At what point on the mirrored 
wall should you aim the camera at Cin order to view the door at 
D? Draw a diagram and explain your reasoning. 


Ce 


of 
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43. Use the diagram at the right, Find the coordinates of the 
given point. 
a. A’, the reflection image of A across y = 


. A”, the reflection image of A’ across y = —x 
x 


b. 

c. A’”’, the reflection image of A’ across 
da” 

e. 


. A”"", the reflection image of A’”’ across y 
. How are A and A""” related? 


Q@haltenge Reasoning Can you form the given type of quadrilateral by drawing a triangle 


= and then reflecting one or more times? Explain. 
8 
44, parallelogram 45. isosceles trapezoid 46. kite 
47. rhombus 48. rectangle 49. square 
50. Coordinate Geometry Show that B(), a) is the reflection image of A(a, b) across 
the line y = x. (Hint: Show that y = x is the perpendicular bisector of AB.) 
Standardized Test Prep 
SATIACT 51. Whatis the reflection image of (a, b) across the line y = —6? 
@®D (a - 6,b) D® (a,b - 6) © (-12 - a,b) D (a, -12 — b) 
52, ‘The diagonals of a quadrilateral are perpendicular and bisect each other, What is 
the most precise name for the quadrilateral? 
@ rectangle @® parallelogram GD rhombus Dkite 
53. AD bisects 2A of ACAB, with point D on CB. Which of the following is true? 
cD _CA CD _ BA CB _ CA CA _ AB 
® dp BA D pa ca Sao-m Dea pe 
Extended 54, Write an indirect proof of the following statement: The hypotenuse of a right 
(Response triangle is the longest side of the right triangle. 


Mixed Review 


For the given points, A’B is a translation of AB. Write a rule to describe each @ See Lesson 9-1. 
translation, 
55. A(—1, 5), B(2, 0), A’(3, 3), B'(6, —2) 56. A(—9, —4), B(—7, 1), A’(—4, —3), B'(-2, 2) 


57. Maps A map of Alberta, Canada, uses the scale 1 cm = 25 km. On the map, the @@ See Lesson 7-2. 
distance from Calgary to Edmonton is 11.1 cm, How far apart are the two cities? 


Get Ready! To prepare for Lesson 9-3, do Exercises 58-63. 
Use a protractor to draw an angle with the given measure. @ See p. 824. 


58. 120° 59. 90° 60. 72° 61. 60° 62. 45° 63. 36° 
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Keep your eye on 

‘one corner of a 

shape and follow 
\its path, 


Rotations, 
Reflections, and 
Translations 


ees 


Vocabulary 

rotation 

* center of rotation 

* angle of rotation 

+ center of a 
regular polygon 


=... 


Rotations 


Objective To draw and identify rotation images of figures 


Suppose the colored shapes 

on the blue disk are blocks 
and the black shapes on the 
red disk are holes, Visualize 
the blue disk on top of the 
red disk, with their centers 
attached so that only the blue 
disk can turn. As the blue disk 
turns, into which hole does 
each block fall? 


In the Solve It, you thought about how the shapes move as the disk turns, or rotates, 
about its center point. In this lesson, you will learn how to recognize and construct 
rotations of geometric figures. 


Essential Understanding ‘the size, shape, and orientation of a geometric figure 
stays the same when you turn the figure about a point. 


Arotation of x” about a point R, called the 

center of rotation, is a transformation with 

these two properti a 
«The image of Risitself(thatis, R’ = R). : The preimage Vand 


+ Forany other point V, RV’ = RV and Fe ha - pitas eich 
mLVRV' = x, = | the center of rotation. | 

‘The positive number of degrees a figure 

rotates is the angle of rotation. 


A rotation about a point is an isometry, 


Unless stated otherwise, rotations in this book are counterclockwise. 


PowerGeometry.co! Lesson 9-3 Rotations 559 


Plan 

How do you use the 
definition of rotation 
about a point to help 
you get started? 
You know that 0 and O° 
must be equidistant from 
Cand that mZ.0CO" 
must be 100, 


Think 
Why are the five 


regular. So the triangles 
are all congruent by SSS. 


@ EGGnED Drawing a Rotation Image ce 


What is the image of ALOB for a 100° rotation about C? 


L B 
Step1__ Step 2 Step 3 Step 4 
Draw CO, Use a Use a compass Locate B’ and L’ ina Draw AL'O'B'. 
protractor todrawa tg construct similar manner. 
100° angle with 


vertex C and side CO. 


Got It? 1. Copy ALOB from Problem 1, What is the image of ALOB fora 50° rotation 
about B? 


‘the center of a regular polygon is the point that is equidistant from its vertices, The 
center and the vertices of a regular n-gon determine n congruent triangles. You can use 
this fact to find rotation images of regular polygons. 


[OJ problem 2] Identifying a Rotation Image p 


Point Xis the center of regular pentagon PENTA. Whatisthe 4 E 
image of the given point or segment for the given rotation? 


© 72° rotation of Pabout X © 216° rotation of 7 


PENTA is divided into 
five congruent triangles. 


The measure of each of the 5 
congruent angles is 360 = 5, or 72. 


When T rotates 72° about X, it moves 216 + 72 = 3, 80a 216° rotation about X 
one vertex counterclockwise. The moves each vertex three vertices 
image of Tis N. counterclockwise. The image of 


@ Got It? 2. Whatis the image of £ fora 144° rotation about X? 
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EE Finding an Angle of Rotation (ERIDDED RESPONSE 


Design Hubcaps of car wheels often have interesting 
designs that involve rotation, What is the angle of 
rotation, in degrees, about C that maps Q to X? 


Think 
Can you visualize the ‘The design consists of 9 spokes, so it divides the circle into 9 congruent parts. aur 
nine 40° angles at Since 360 + 9 = 40, each part has a 40° angle at the center. Moving IOS eOo 
the center? _ counterclockwise, Q touches 6 spokes as it rotates to point X. The angle of eitetotey 
Each angle would be rotation that maps Q to Xis 6 + 40°, or 240°. 
formed by joining the 
tips of two consecutive 
oes @ Got It? 3. a. In Problem 3, whatis the angle of rotation about C that maps 
Mo@ 
b. Reasoning Ifa 50° rotation about a point P maps point A to 
point B, what angle of rotation maps point B to point A? 
A composition of rotations about the same point is itself a rotation about that point. To 
sketch the image, add the angles of rotation to find the total rotation. 

Plan dicule Finding a Composition of Rotations £ T 

Do you need to do What is the image of KITE for a composition of a 30° rotation and a 

two rotations? 60° rotation, both about point K? 1 

No. Both rotations are 

about the same point, so ‘The angle of rotation for the composition is 30° + 60° = 90°. Draw KITE. 

is angle of rotation a Locate image points of the vertices for a 90° rotation. Use the image pointsto  K 

‘composition is equal sketch the entire image. 
tothe sum ofthe two 7 
angles of rotation. r I E T 
1 
Ff 
K=K 


2 4, What are the coordinates of the image of point A(—2, 3) for a composition of 
Got It? 4. Wh h di f the image of point A(—2, 3) f position of 
' two 90° rotations about the origin? 
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7) Lesson Check 


Do you know HOW? Do you UNDERSTAND? 
1. Copy the figure and point P, Draw the image of 5. Vocabulary \.A’B’C’ isa rotation image of 
AABC rotated 70° about P. AABC about point O. Describe how to find the 


angle of rotation. 
B Ps 


). Error Analysis A classmate 
pe. drew a 115° rotation of APQR 
about point P, as shown at the 


. right. Explain and correct your 
In the figure below, point A is the center of classmate’s error. 
square SQRE. 


ry 


A 


7. Compare and Contrast 
2. What is the image of E fora 5 Q Compare rotating a figure 
90° rotation about A? about a point to reflecting the 


figure across a line, How are the 


3. What is the image of RQ fora transformations alike? How are they different? 


180° rotation about A? A 
. Reasoning Point P(x, y) is rotated about the origin 


4. What is the image of S fora - by 135° and then by 45°. What are the coordinates 
composition of a 30° rotation | of the image of point P? 


and a 240° rotation, both 
about point A? 


@ Practice and Problem-Solving Exercises 


ractice Copy each figure and point P. Draw the image of each figure for the given @ See Problem 1. 


rotation about P. Use prime notation to label the vertices of the image. 
9. 60° 10. 90° 11, 180° 12. 90° 
P R E B K 
A D Pp 
A 
o T 
- T c 4 


Copy each figure and point P. Then draw the image of JK for a 180° rotation 
about P, Use prime notation to label the vertices of the image. 


——. K 
13. j 14, ok 15. J 16. 


562  Chapter9 Transformations 


Point O is the center of regular hexagon HEXAGN. Find the image of @ See Problem 2. 
the given point or segment for the given rotation. 


17. 60° rotation of E about O H. — 


18. 120° rotation of AX about O N PRES x 
19. 240° rotation of NG about O \AV/ 
A 


20. 360° rotation of H about O 


Native American Art Find the angle of rotation about C that (a) maps Q to X @ See Problem 3. 
and (b) maps Xto Q. 
21. 22. 23. x 
Q 
x 
Q 
For Exercises 24-29, copy AXYZ. Draw the image of AXYZ for the given Y @ See Problem 4, 


composition of rotations about the given point. 


24, 45°, then 45°; X 25. 45°, then 45°; ¥ 


26. 30°, then 30°; Z 27. 20°, then 160 


28, 135°, then 135 29, 180°, then 180°; X 


x z 


30. In the diagram at the right, M'N’ is the rotation image of MN about 
point E. Name all pairs of congruent angles and all pairs of congruent 
segments in the diagram. 


3 


. Language Arts The symbol is called a schwa. Itis used in dictionaries to 
represent neutral vowel sounds such as a in ago, /in sanity, and u in focus. 
What transformation maps aa to a lowercase e? 


Find the angle of rotation about C that maps the black figure to the blue figure. 
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35. Think About a Plan ‘Ihe Millenium Wheel, also known as the 
London Eye, contains 32 observation cars, Determine the angle 
of rotation that will bring Car 3 to the position of Car 18. 
‘* How do you find the angle of rotation that a car travels when 
it moves one position counterclockwise? 
* How many positions does Car 3 move? 


~ 


36. Reasoning For center of rotation P, does an x° rotation 
followed by a y’ rotation give the same image as a y° rotation 
followed by an x° rotation? Explain, 


37. Writing Describe compositions of rotations that have the same 
effect as a 360° rotation about a point X. 


38. Coordinate Geometry Graph A(5, 2). Graph B, the image of 
A fora 90° rotation about the origin O. Graph G, the image of 
A fora 180° rotation about O. Graph D, the image of A for a 
270° rotation about O. What type of quadrilateral is ABCD? 
Explain, 


Point is the center of the regular nonagon shown at the right. A_8 

39. Find the angle of rotation that maps Fto H. 1 c 
40. Open-Ended Describe a composition of rotations that maps H to C. 
41. Error Analysis Your friend says that AB is the image of ED for a 120° rotation - ‘e 


about O. What is wrong with your friend’s statement? F 


In the figure at the right, the large triangle, the quadrilateral, 
and the hexagon are regular. Find the image of each point or 
segment for the given rotation or composition of rotations. 
(Hint: Adjacent green segments form 30° angles.) 


42. 120° rotation of B about 0 43. 270° rotation of L about O 
44, 300° rotation of BaboutO —_ 45. 60° rotation of E about O 

46. 180° rotation of JK aboutO —_47. 240° rotation of G about O 
48. 120° rotation of F about H 49. 270° rotation of M about L 


50. 60° rotation followed by 120° rotation of about 0 


51. 45° rotation followed by 225° rotation of M about O 
Q@chattenge 52. Reasoning Ifyou are given a figure and a rotation image of the figure, how can you 
= find the center and angle of rotation? 


53. Coordinate Geometry Draw ALMN with vertices L(2, —1), M(6, -2), and N(4, 2). 
Find the coordinates of the vertices after a 90° rotation about the origin and about 
each of the points L, M, and N. 
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rr SeSeKV“Keava_aJXJx€_—_eoouuouoeeeoueeeeeeoueeueeseaea 
Standardized Test Prep 


satiact 54, What is the image of (1, —6) for a 90° counterclockwise rotation about the origin? 
@®DE,) ®D(-16) ©(-6-1 @D (-1,-6) 


55. The costume crew for your school musical makes 
aprons like the one shown. If blue ribbon costs $1.50 
per foot, what is the cost of ribbon for six aprons? 


@DS15.75 @® $42.00 
@D331.50 D $63.00 
56. In AABC, mZA + mZB = 84, Which statement must be true? 
@® BC > AC @® AC > BC © AB> BC @D BC > AB 
Short 57. Use the following statement: If two lines are parallel, then the lines do not intersect. 
Response a. What are the converse, inverse, and contrapositive of the statement? 


b. What is the truth value of each statement you wrote in part (a)? Ifa statement is 
false, give a counterexample. 


EO 


Mixed Review 


ABIG has vertices B(—4, 2), 1(0, -3), and G(1, 0). Graph ABIG and its @ See Lesson 9-2. 
reflection image across the given line. 
58. the y-axis 59. the x-axis 60.x=4 
Find the value of x, Round answers to the nearest tenth, @ See Lessons 8-2 and 8-3. 
61. 62. 
y 18m 50 ft 
34° Em 


Get Ready! To prepare for Lesson 9-4, do Exercises 63-66. 


Point O is the center of the regular octagon, Find the image of the given @_See Lessons 9-2 and 9-3. 
point or segment for the given rotation or reflection. 


63. point A; a 90° rotation about center O 8 
64. point H; a 180° rotation about center O 4 ec 
65. AB; areflection across AE 6 lb 
66. GH;a reflection across AE i 
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Concept Byte 


Use With Lesson 9-3 


In Lesson 9-1, you learned how to describe a translation using variables, In these 
activities, you will use tracing paper to perform translations, rotations, and reflections. 
You will also describe certain rotations and reflections using variables. 


Activity 1 
You can use the vector arrow shown in the diagram to represent the 
translation (x, y) + (x + 4,y + 2). The translation shifts AABC with 
A(-3, 3), B(—1, 1), and C(1, 4) to AA'B'C’ with A’(1, 5), B'(3, 3) and C'(5, 6). 
You can see this translation using tracing paper as follows: 


Step 1 Draw AABC and the vector arrow on graph paper. Also, show the 
line containing the arrow. 

Step 2 Trace AABC and the vector arrow. 

Step 2 Trace AABC and the vector arrow. 

Step 3 Move your tracing of the vector arrow along the vector line 
until the tail of the tracing is on the head of the original vector 
arrow. The vertices of your tracing of AABC should now be at 
A’(1,5), B'(3, 3), and C'(5, 6). 


Use tracing paper. Find the translation image of each triangle for the given vector. 


1 2. yy ] 3. ty) | 
| | i 
| D eet te 
z| CI Fx 
[al 2 |} i 2 tS 
2 cr 2 
my Eis Ei 
IR) , Ei 


4, Show that the composition of the translation in Question 1 followed by the 
translation in Question 2 gives you the translation in Question 3. 
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a 
ivity 2 


‘To rotate a figure 90° about the origin, trace the figure, one axis, and the origin. Then 
turn your tracing paper counterclockwise, keeping the origin in place and aligning the 
traced axis with the other original axis. 


5. Use ABC from Activity 1 with A(—3, 3), B(—1, 1), and C(1, 4). Whatis the 
image of AABC for a 90° rotation about the origin? 


6. Copy and complete the table. Use tracing paper to find point P’, the image of 
point P, for a rotation of 90° about the origin. 


7. Study the pattern in your table. Complete this rule for a rotation of 90° about 
the origin: (x, y) >(@, 8). 

8. Test your rule with tracing paper. For A TRN with T(0, 2), R(3, 0), and N(4, 5), a 
90° rotation about the origin should result in AT'R'N’ with T'(-2, 0), R'(0, 3), 
and N'(-5, 4). Does it? 


9. In parts (a) and (bb) below, what should be the result of each composition? 
a. a 90° rotation about the origin followed by a 90° rotation about the origin 
b. (x,y) >(-y, 2) followed by (x, y) >(—y, 4) 
¢. Use tracing paper. Test your conjectures from parts (a) and (b) on AABC 
from Activity 1. 


ivity 3 


To reflect a figure across an axis using tracing paper, trace the figure, the axis, and the 
origin, ‘Then turn over your tracing paper, keeping the origin in place and aligning the 
traced axis with the original axis, 


10. What is the reflection image of AABC across the x-axis? Across the y-axis? 


11. Copy and complete the table. Use tracing paper (o find point P, and P,, the 
reflection images of point P across the x-axis and y-axis, respectively. 

12. Study the table. Complete these rules for reflections across the axes. 
a. x-axis: (x,y) >(@, @) b. y-axis: (x, y) > (, @) 

13. Test your rules on AKLM with K(~2, 3), L(, 1), and M(1, ~2). 
a. Across the x-axis, AKLM should map to _? 
b, Across the y-axis, AKLM should map to 


14. In parts (a) and (b) below, what should be the result of each composition? 
a. (x,y) > (a, ~y) followed by (x, y) > (—x, y) 
b, a reflection across the x-axis followed by a reflection across the y-axis 
c. Use tracing paper. Test your conjectures from parts (a) and (b) on AABC 
from Activity 1. 


15. Compare the results of Questions 9 and 14, Make a conjecture about the 
compositions suggested by each. 


16. Use tracing paper to find a rule fora reflection across the line y = x. Test your 
rule on AABC from Activity 1. 


4 


| GRSIEREEEES ACN [Concept Byte Tracing Paper Transformations 567 


Symmetry 


Objective To identify the type of symmetry in a figure 


How can you arrange these four 
identical shapes to make a design 
that meets Condition 1 but not 
fee Condition 2? Sketch your design. = 
to apply what Condition 1: The d 's own rotation image. 


you know about Condition 2: The design is its own reflection image. 
rotations and 


reflections. 
In the Solve It, you made a figure that is its own image under a transformation. In this 
lesson, you will learn (o classify figures with this property. 


Essential Understanding Some figures appear unchanged after a reflection 
across a line ora rotation about a point, Such figures are said to have symmetry. 


* line symmetry A figure has symmetry if there is an isometry that maps the figure onto itsell. 
* reflectional 
symmetry 
* line of symmetry 
* rotational 


syrometry A figure has line symmetry or reflectional symmetry if there 
POI syTamerty: is a reflection for which the figure is its own image. The line 
of reflection is called a line of symmetry. It divides the figure 
into congruent halves. 


A figure has rotational symmetry if there is a rotation of 180° or 
less for which the figure is its own image. ‘The angle of rotation 
for rotational symmetry is the smallest angle needed for the 
figure to rotate onto itself. 

A figure with 180° rotational symmetry also has point 
symmetry. Each segment joining a point and its 180° rotation 
image passes through the center of rotation. 


120° 


A square, which has both 90° and 180° rotational symmetry, 
also has point symmetry. 
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Plan 

How can you see the 
lines of symmetry? 
Draw a diagram of a 
regular hexagon and look 
for the ways it will reflect 
across a line onto itself. 


() EECIEEED Identifying Lines of Symmetry 


Think 
‘Sketch a regular hexagon. 


The hexagon reflects onto 
itself across each line that 
passes through the midpoints 
cof a pair of parallel sides. 


The hexagon also reflects 
onto itself across each 


diagonal that passes through 
‘the center of the hexagon, 


Count the lines of symmetry. 


How many lines of symmetry does a regular hexagon have? 


Write 
—) 
—/ 
Da 
a 
—/ 
v 
A regular hexagon has 


six lines of symmetry. 


Got It? 1. a. Drawa rectangle that is not a square. How many lines of 


symmetry does your rectangle have? 
b. Reasoning Isa median of a triangle a line of symmetry for 


the triangle? Explain. 


Identifying Rotational Symmetry 


Does the figure have rotational symmetry? If so, what is the angle of rotation? 


“NF 


on 


‘here is no center point about which the ‘The star has rotational 
triangle will rotate onto itself. This figure symmetry. The angle of 
does not have rotational symmetry. rotation is 72°. 


@ Got It? 2. a. Does the figure at the right have rotational symmetry? Ifso, 
what is the angle of rotation? 
b. Does the figure have point symmetry? Explain. 
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569 


‘Three-dimensional objects can have various types of symmetry, including reflectional 
symmetry in a plane and rotational symmetry about a line. 


Reflectional Symmetry Rotational Symmetry 
The plane divides 


the object into 
congruent halves, 


The object can be rotated 
about a line so that the image 
matches the preimage. 


Think Identifying Symmetry in a Three-Dimensional Object 


How can you identity 


Symmetric Design Does the object have reflectional symmetry in a 


i ina3-D plane, rotational symmetry about line, or both? 

For reflectional symmetry, LA) 8 

‘ty to visualize a plane ; 

slicing the object. For 

rotational symmetry, try 

‘to imagine rotating the 

object about a line, 
‘The bow! has both reflectional ‘The pitcher has reflectional 
symmetry in a plane and rotational symmetry in a plane. 


symmetry abouta line. 


7) Got li? 3. Does the lampshade have reflectional symmetry in a 
plane, rotational symmetry about a line, or both? 


Lesson Check 
Do you know HOW? Do you UNDERSTAND? 
Use the figure below for Exercises 1 and 2. 4. Vocabulary Ifa figure has point symmetry, must it 


; fe iedst 
1. Does the figure have line symmetry? seo berve rotational symmetry ® Explain, 


Ifso, copy the figure and draw its . Error Analysis Your friend thinks 
line(s) of symmetry. that the regular pentagon in the 
diagram at the right has 10 lines of 
symmetry. Explain and correct 
your friend's error. 


Open-Ended ‘The word CHECKBOOK has a 
horizontal line of symmetry. Find two other 
words for which this is true. 


wn 


N 


Does the figure have rotational 
symmetry? If so, what is the angle 
of rotation? 


w 
- 


}. What type(s) of symmetry does the 
three-dimensional figure have? 
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@ Practice and Problem- 


olving Exercises 


Tell what type(s) of symmetry each figure has. If it has line symmetry, @ See Problems 1 and 2. 
sketch the figure and the line(s) of symmetry. If it has rotational 
symmetry, tell the angle of rotation. 


Determine how many lines of symmetry each type of quadrilateral has. Include 
a sketch to support your answer. 


19. rhombus 20. kite 21. square 22. parallelogram 


‘Tell whether the subject of the photo has reflectional symmetry in a plane, @ See Problem 3. 
rotational symmetry about a line, or both. 


23. ‘ 24. 


QO» 25. Alphabets Use the letters of the alphabets below. 
English; ABCDEPGHIJKLMNOPQRSTUVWXYZ 
Greek: BPAEZHOIKAMNEONPSTYOXWQ 


a. Copy the table. Classify the letters of the alphabets. 
You will list some letters in more than one category. 

b. Which alphabet has more symmetrical letters? 
Explain, 


Type of Symmetry 


Horizontal | Vertical 
Line Line | Point 
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26. Open-Ended Ifyou stack the letters of MATH vertically, you can find a vertical line 
of symmetry. Find two other words for which this is true. 


27, Think About a Plan A quadrilateral with vertices at (1, 5) and (~2, —3) has point 
symmetry about the origin. Show that the quadrilateral is a parallelogram. 
* How can you use point symmetry to find the other vertices? 
‘* How can you show a quadrilateral is a parallelogram? 


Tell what type(s) of symmetry each figure has. For line symmetry, sketch the 
figure and the line(s) of symmetry. For rotational symmetry, tell the angle 
of rotation. 


28, 29, 


| 


30. Reasoning Is the line that contains the bisector of an angle also a line of symmetry 
of the angle? Explain, 


31. Reasoning Is the line that contains the bisector of an angle of a triangle also a line 
of symmetry of the triangle? Explain. 


32, Open-Ended The equation > ~ | = 0 + 83isnot only true, but also symmetrical 
(horizontally). Write four other equations or inequalities that are both true and 
symmetrical. 


Logos Describe the types of symmetry, if any, of each automobile logo. 
33. Zz 34. Kl 
35. WW 36. > 

Tell whether each three-dimensional object has reflectional symmetry ina 
plane, rotational symmetry about a line, or both. 


"@ Db * 
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Coordinate Geometry A figure that has a vertex at (3, 4) has the given line of 
symmetry. Tell the coordinates of another vertex of the figure. 


41. the y-axis 42. the x-axis 43. theline y = x 


Q-rattense Coordinate Geometry Graph each equation and describe its symmetry. 
44, y= 2 45.y=(x+2)2  46.y 


47. y 


For each three-dimensional figure, draw a net that has point symmetry and a 
net that has 1, 2, or 4 lines of symmetry. 


49. Aa 50. 
(Ga 


‘Square pyramid 


Standardized Test Prep ERTDDED RESPONSE 


SATIACT 51. What is the smallest angle, in degrees, through which you can rotate a regular 

hexagon onto itself? 

52. You place a sprinkler so that it is equidistant from three rose bushes at 8B 
points A, B, and C. How many feet is the sprinkler from A? aK 

sy, 

53. ASTU has vertices S(1, 2), 7(0, 5), and U(—8, 0). What is the x-coordinate pS yd 

of S after a 270° rotation about the origin? A x 
“G 


54. The diagonals of rectangle PQRS intersect at O. PO = 2x — 5 and OR = 7 — 
What is the length of QS? 


55. The length of the hypotenuse of a 45°-45°-90° triangle is 55 in. What is the length of 
one of its legs to the nearest tenth of an inch? 


PO ————_——_—_—_—_— 
Mixed Review 


56. Which capital letters of the alphabet are rotation images of themselves? @ See Lesson 9-3. 
Draw each letter and give an angle of rotation (< 360°). 


57. ‘Three vertices of an isosceles trapezoid are (~2, 1), (1, 4), and (4, 4). Find @ See Lesson 6-7, 
all possible coordinates for the fourth vertex. 


Get Ready! To prepare for Lessons 9-5, do Exercises 58-60. 


Determine the scale drawing dimensions of each room using a scale of @ See Lesson 7-2. 
fin. = 1ft. 
58. kitchen: 12 ftby 16 ft 59. bedroom: 8 fi by 10 ft 60. laundry room: 6 ft by 9 ft 
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Do you know HOW? 
Tell whether the transformation appears to be an 
isometry. Explain. 


AOS 
J . 


3. What rule describes the translation 5 units left and 
10 units up? 


4. Describe the translation (x, y) > (x — 3,y +5) in 
words. 
5. Find a translation that has the same effect as the 
following composition of tanslations. 
(uy) > @ + 7, — 2) followed by 
(wy) > @-3,y +2) 


Find the reflection image of (5, —3) across each line. 


6. the x-axis 7. y-axis 


8. AWXY has vertices W(—4, 1), X(2, —7), and ¥(0, —3). 
What are the vertices of the image of AWXY for the 
translation (x, y) > (x — 3,y + 5)? 

9. AABC has vertices A(—1, 4), B(2, 0), and C(4, 3). 
Graph the reflection image of AABC across the line 
x= hk 


Copy each figure and point A. Draw the image of each 
figure for the given angle of rotation about A. Use prime 
notation to label the vertices of the image. 


10. 40° 11. 90° 
c D P. Q 
: 
\ $s R 
A 
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12. How many lines of symmetry does a regular 
pentagon have? Include a sketch in your answer, 


Tell what type(s) of symmetry each figure has. For 
line symmetry, sketch the image and the line(s) of 
symmetry. For rotational symmetry, state the angle 
of rotation. 


13. >» 14. CV] 


Do you UNDERSTAND? 

15. Reasoning ‘he point (5, ~9) is the image under 
the translation (x, y) > (x — 3,y + 2). Whatis its 
preimage? 


16. Reasoning ‘he point 7(5, ~1) is reflected first 
across the x-axis and then across the y-axis. What 
is the distance between the image and the 
preimage? Explain. 


17. Coordinate Geometry ‘he point L(a, b) in 
Quadrant I is rotated 90° about the origin and then 
reflected across the y-axis, What are the coordinates 
of the image of L? 


‘The two letters in each pair are congruent. Does one 
figure appear to be a translation image, a reflection 
image, or a rotation image of the other? 


6 2 


18. A Q 19. 


20. Error Analysis Your friend 


draws the diagram at the 
right to show the reflection 


of OPQRS across the 
x-axis, Explain and correct 


your friend's error. 


—_ 


Dilations 


Objective To understand dilation images of figures 


The pupil is the opening in the iris that lets light into the eye 
Depending on the amount of light available, the size of the pupil 

f changes 
Look for what 


changes and what 
does not change. 


Think of extending the definition of similar polygons you learned in 
Chapter 7 to apply to curved figures. Is the pupil in dim light similar 
to the pupil in normal light? Is the iris in dim light similar to the iris 
in normal light? Explain. 


In the Solve It, you looked at how the pupil of an eye changes in size, or dilates. In this 
lesson, you will learn how to dilate geometric figures. 


* center of dilation You can use a scale factor to make a larger or smaller 
* scale factor of a copy ofa figure that is also similar to the original figure. 
dilation 
* enlargement 
seduction Key Concept Dilation 
A dilation with center C and scale factor n, Pr 
n > 0, isa transformation with these two 
properties: 
«The image of Cis itself (thatis, C’ = C). o 
+ Forany other point R, R' ison CR and 
CR = n+ CR,orn= &, Hee 4 
‘The image of a dilation is similar to its preimage. 
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You can show that the scale factor of a dilation has the same value as the scale factor of 
the similar figures (preimage and image), with the image length in the numerator. For 
the figure shown on page 575, n = 4 = 4. 


A dilation is an enlargement if the scale factor is greater than 1. The dilation is a 
reduction if the scale factor is between 0 and 1. 


e c F G 
¢ LX, 
4 rea 
A =A D D E 3 H 
Enlargement Reduction 
center A, scale factor 2 center C, scale factor + 
eC Finding a Scale Factor 
Multiple Choice AX’7'R’ is a dilation image of AXTR. The rR T 
center of dilation is X. Is the dilation an enlargement or a 
Think reduction? What is the scale factor of the dilation? i 8 
Why is the scale D enlargement; scale factor 2. GD reduction; scale factor} at 
factor not 4, or 2? ® enlargement; scale factor 3 COD reduction; scale factor3 x’ =X 
The scale factor of a ; ' Pa 
tation shape the ‘The image is larger than the preimage, so the dilation is an enlargement. 
‘image length (or the Use the ratio of the lengths of corresponding sides to find the scale factor. 
distance between a point NT 448 12 
‘on the image and the n a ag Se 


Soe | AX'T’'R’ isan enlargement of AXTR, with a scale factor of 3, The correct answer is B. 


e@ Got It? 4, ’K’L'M’ isa dilation image of JKLM. The center of 
dilation is O. Is the dilation an enlargement or a 
reduction? What is the scale factor of the dilation? 


In Got It 1, you looked at a dilation of a figure drawn in the 
coordinate plane. In this book, all dilations of figures in the 
coordinate plane have the origin as the center of dilation. So 
you can find the dilation image of a point P(x, y) by multiplying 
the coordinates of P by the scale factor n. 


P(x, y) + P’(nx, ny) 
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Eee? Finding a Dilation Image 


Think 
pel aay What are the images of the vertices of APZG for a 
the Glasser dilation with center (0, 0) and scale factor 2? Graph the 
closer to (0, 0) or image of APZG. 
te Identify the coordinates of each vertex. The center of 
sothe diode dilation is the origin and the scale factor is 2, so use the 
enlatgement.qhe vertices dilation rule (sx, y) —+ (2x, 2y). 
will move farther from ; 
(0,0). P(2,0)—+(2 + 2,2 + 0), or P’(4, 0). 
A-3,1) + (2+ (-3), 2+ 1), or Z(-6,2). 
G(0, -2) +(2 + 0,2 + (~2)), or G'(0, ~4) 
‘To graph the image of \PZG, graph P’, z’, and G’. Then 
draw AP’ 
@ Got It? 2. a. What are the images of the vertices of APZG for a dilation with center 
(0, 0) and scale factor 3? 
b. Reasoning In Problem 2, how can you prove AP’Z'G' ~ APZG usinga 
postulate or theorem from Chapter 7? 

Dilations and scale factors help you understand real-world enlargements 

and reductions, such as images seen through a microscope or on a 

computer screen, 
‘a eC Using a Scale Factor to Find a Length 
Think 
wheat Biology A magnifying glass shows you an image of an object 
factor of 7 tell you? that is 7 times the object’s actual size. So the scale factor of the 
‘Ascale factor of 7 tls enlargement is 7.'the photo shows an apple seed under this 
you thatthe ratio of magnifying glass, What is the actual length of the apple seed? 
the image length to the 
chia Ca TI 1.75 =7+p image length = scale factor + actual length 
mage length _ 7 0.25 Divide each side by 7. 
actual length "* 


‘The actual length of the apple seed is 0.25 in. 


@ Got It? 3. The height ofa document on your computer 
screen is 20.4 cm. When you change the zoom 
setting on your screen from 100% to 25%, the 
new image of your document is a dilation of the 
previous image with scale factor 0.25. What is the 
height of the new image? 
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7) Lesson Check 


Do you know HOW? _ Do you UNDERSTAND? 
1. The blue figure is a dilation 12 5. Vocabulary Describe the scale factor of a reduction. 


image of the black figure with G.ieivoe anafeie hd bnis 4 
center of dilation C. Is the Saar & LAI 
dilation an enlargement ora Aue ts alain image 6 
fthe black figure fe 3 
reduction? What is the scale cath cmnare 


factor of the dilation? dilation with center A. 


‘Two students made errors when asked to find the 
A dilation has center (0, 0). Find the image of each point scale factor. Explain and correct their errors. 
for the given scale factor. 


A B. 
2.D(1,-5);2 3. 1(0,6);4 4, M(0, 0); 10 me make 


e Practice and Problem-Solving Exercises 


ractice —‘The blue figure is a dilation image of the black figure. ‘The labeled point is the @ See Problem 1. 
center of dilation. Tell whether the dilation is an enlargement or a reduction. 
‘Then find the scale factor of the dilation. 


i 8. 
N Ee 
A 6 3 
fa 
K 
ite 
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a 


Find the images of the vertices of APQR for a dilation with center (0, 0) and the @ See Problem 2. 
given scale factor, Graph the image. 


16. scale factor 3 17. scale factor 10 18, scale factor $ 


Magnification You look at each object described in Exercises 19-22 under a @ See Problem 3. 
magnifying glass. Pind the actual dimension of each object. 


19. The image of a button is 5 times the button’s actual size and has a diameter of 6 cm. 


20. The image of a pinhead is 8 times the pinhead’s actual size and has a width of 
1.36 cm. 


21. The image of an ant is 7 times the ant’s actual si: 


and has a length of 1.4 cm. 


22. ‘The image of a capital letter N is 6 times the letter’s actual size and has a height of 
1.68 cm. 


A dilation has center (0, 0). Find the image of each point for the given scale 


factor. 
23. L(-3,0);5 24. N(-4,7)30.2 25. A(-6, 
26. F(3, -2);4 27. 13, 3); 5 28. (6,5 


Use the graph at the right. Find the vertices of the image of QRTW fora 
dilation with center (0, 0) and the given scale factor. 


29.4 30. 0.6 31.0.9 32. 10 33. 100 


34, Compare and Contrast Compare the definition of scale factor of a dilation 
to the definition of scale factor of two similar polygons. How are they alike? 
How are they different? 


35. Think About a Plan ‘The diagram at the right shows ALMN and 
its image AL'M'N' for a dilation with center P. Find the values of 
xand y. Explain your reasoning. 

* Whatis the relationship between ALMN and AL’M'N’? 
* Whatis the scale factor of the dilation? 
* Which variable can you find using the scale factor? 


36. Writing An equilateral triangle has 4-in. sides. Describe its image for 
a dilation with center at one of the triangle’s vertices and scale factor 2.5. 


Qoratiense 


Coordinate Geometry Graph MNPQ and its image M'N'P’Q’ for a dilation with 
center (0, 0) and the given scale factor. 


37. M(1,3), N(—3, 3), P(—5, 3), A-1, 3); 3 38. M(2, 6), N(—4, 10), P(—4, 8), Q(-2, -12);$ 


39, Open-Ended Use the dilation command in geometry software or 
drawing software to create a design that involves repeated dilations, 
such as the one shown at the right. The software will prompt you to 
specify a center of dilation and a scale factor. Print your design and 
color it. Feel free to use other transformations along with dilations. 


40. Copy Reduction Your picture of your family crest is 4.5 in. wide. You 
need a reduced copy for the front page of the family newsletter. The 
copy must fit in a space 1.8 in. wide. What scale factor should you use 
on the copy machine to adjust the size of your picture of the crest? 


Adilation maps AHI/ onto AH'T'J’. Find the missing values. 
41, HI= 8in. HT = 16in. 42.Hi=7em HI =5.25em 43.Hi= Ott HT = bf 


U=5in I Bin. y=7em Ivy = cm Y=30t r= Oh 
HJ =6in. HY = Bin. HJ)= cm HJ’ =9cm HJ = 24h HS = 6h 
Copy ATBA and point 0 for each of Exercises 44-47. Draw the dilation T 
image AT’B'A’ for the given center and scale factor. 
44, center O, scale factor 2 45. center B, scale factor 3 ; 
46. center T, scale factor + 47. center O, scale factor 5 


48, Reasoning You are given AB and its dilation image A’B’ with A, B, A’, and BY 
noncollinear. Explain how to find the center of dilation and scale factor. 

Reasoning Write true or false for Exercises 49-52. Explain your answers. 

49. A dilation is an isometry. 

50. A dilation with a scale factor greater than 1 is a reduction. 

51. For a dilation, corresponding angles of the image and preimage are congruent. 

52. A dilation image cannot have any points in common with its preimage. 

Coordinate Geometry In the coordinate plane, you can extend dilations to 


include scale factors that are negative numbers. For Exercises 53 and 54, use 
APQR with vertices P(1, 2), Q(3, 4), and R(4, 1). 


53. Graph A PQR and its image for a dilation centered at (0, 0) with scale factor —3. 


54, a. Graph APQR and its image for a dilation centered at (0, 0) with scale factor ~1. 
b. Explain why the dilation in part (a) may be called a reflection through a point. 
Extend your explanation to a new definition of point symmetry. 
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55. Shadows A flashlight projects an image 
of rectangle ABCD on a wall so that each 
vertex of ABCD is 3 ft away from the 
corresponding vertex of A’B'C'D'. The 
length of AB is 3 in. The length of AB’ is 
1 ft, How far from each vertex of ABCD 
is the light? 


Standardized Test Prep 


‘SAT/ACT 56. Adilation maps ACDE onto AC'D'E’. If CD = 7.5 ft, CE = 15 ft, D'E’ = 3,25 ft, 
waa and C’D' = 2.5 ft, what is DE? 
@D 1.08 ft Dstt @O 975k Disk 


57. You want to prove indirectly that the diagonals ofa rectangle are congruent. As the 
first step of your proof, what should you assume? 


&® A quadrilateral is not a rectangle. 

@® he diagonals of a rectangle are not congruent. 
@® A quadrilateral has no diagonals. 

D The diagonals of a rectangle are congruent. 


58. Which word can describe a kite? 


® equilateral ®D equiangular ® convex D scalene 
Short 59. Use the figure at the right to answer the questions below. 
ane a. Does the figure have rotational symmetry? If so, identify the angle of rotation. 
b. Does the figure have reflectional symmetry? If so, how many lines of symmetry 
does it have? 


———|—<_<_—- um 
Mixed Review 


Coordinate Geometry A figure with a vertex at (—2, 7) has the given type of @ See Lesson 9-4, 
symmetry. State the coordinates of another vertex of the figure. 


60. point symmetry centered at the origin 61. line symmetry across the y-axis 


Get Ready! To prepare for Lesson 9-6, do Exercises 62-64. 


Given points R(—1, 1), $(—4, 3), and 7(—2, 5), graph ARST and its @ See Lesson 9-2. 
reflection image across each line. 
62. the y-axis 63. the x-axis, 64.y=1 
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Concept Byte 


Use With Lesson 9-5 


A 


In Lesson 8-5, you learned that vectors are quantities that have both direction and 
magnitude. A translation moves all the points ofa figure in the same direction and the 
same distance, so you can use a vector to describe a translation. 


Example 1 
© Find the image of D(1, —2) under the translation described by the vector (1, 4). 


(1,4) is a translation 1 unit right and 4 units up, the same as 
(yr + Ly + 4). 


‘D(1, ~2) translates to (1 + 1, -2 + 4), or(2,2). 


@ Find the image of D(1, —2) under the composition of translations (1, 4) 
followed by (—4, -1). 


Use vector addition: (1,4) + (—4, 1) = (1 + (—4),4 + (—1)) = (-3,3). 


D(1, ~2) translates to (1 — 3, -2 + 3), or(—2, 1). 


You can use a matrix to find the transformation images of several points at once. A 
matrix is a rectangular arrangement of numbers in rows and columns. ie 4 || 


‘The matrix at the right is called a2 x 3 (two-by-three) matrix because it has 2 rows 
and 3 columns. Each entry in a matrix is an element. This matrix has 6 elements. 


Example 2 
Use matrices to find the image of AMFHunder the translation (4, -5). 
M F oH 
xcoordinate [-1 2 3] Writeamatrix for AMEH 
y-coordinate |-1 —5 2] made up of the three vertices. 
4 4 4] Write the translation matrix with 
—5 —5 5. the translation vector three times. 


=2 23 + 4 4 4) 3 6 7 
-1 -5 2}*L-5 -5 -5}7|-6 10 —3] Addthe matrices. 


‘The image of AMFH is AM’F'H' with M’(3, ~6), F'(6, ~10), and H'(7, ~3). 
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To find the image of a triangle for a dilation centered at the origin, multiply each 
element in the vertex matrix for the triangle by the scale factor. Multiplying a matrix by 
a number in this way, as with vectors, is called scalar multiplication. 


Example 3 


AABC has vertices A(—2, 2), B(1, 1), and C(2, 15). Use scalar multiplication to 
find the image of AABC for a dilation with center (0, 0) and scale factor 2. Graph 


AABC and its enlargement. 
A BC 
xcoordinae [-2 1 2 ; F : 
y-coordinate [3 = a Write a matrix for A ABC. 


of? 12 4 2 4.) Multiply each element of the 
2 -1 >| 4-2 3] matrixby the scale factor2. 


‘The vertices of the enlargement are A’(—4, 4), B’(2, —2), and C’(4, 3). 


QQ —————K$ 
Exercises 


Find the image of each figure under the translation described by the given vector. 
1. AABC in the graph at the right; vector = (4, ~1) 
2. quadrilateral DEFG with D(~4, 1), E(1, 1), FU, ~2), G(0, ~2); vector = (2, 0) 
3. quadrilateral JKLM with J(~2, 0), K(2,2), L(3, -2), M(-3, -2); vector = (~3, 2) 


Find a single translation that has the same effect as each composition of 
translations, 


4. (—2,3) followed by (1, 5) 5. (—6, 0) followed by (—4, 7) 6. (3, —4) followed by (—4, 3) 


Use matrices to find the image of each polygon under the given translation. 
7. quadrilateral RSTU in the graph at the right; translation = (2, ~1) 
8. AHIK with H(—2, 2), J(4, 2), K(—1, ~2); translation = (4, ~3) 
9. ONCLE with N(—3, 1), C(—4, -1), (0, ~3), E(1, —1); translation = (0, 2) 


Use a matrix and scalar multiplication. Find the image of the triangle with the given 
vertices for a dilation with center (0, 0) and the given scale factor. Graph the 
triangle and its image. 


10. A(0, 0), B(5, 3), C(2, -1);3 11. R(5, 1), S(—1, —2), T(4, —3); i 12. X(—3, 2), {—3, —2), 2(2, -2); 
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Compositions of 
Reflections 


Objectives To find compositions of reflections, including glide reflections 
‘To classify isometries 


The blue E is a horizontal translation of the red E. How can you use 
two reflections, one after the other, to move the red E to the position 

iA of the blue E? Copy the figure exactly as shown and draw in the two 
lines of reflection. Explain how you found the lines. 


{ Upon reflection, 
I think you should 
use what you know 
about a line of 

\ reflection, 


Nocobulory asa given horizontal translation, In this lesson you will see that any isometry can be 
glide reflection expressed as a composition of reflections. 


o=., In the Solve It, you looked for a way to use two reflections to produce the same image 


Essential Understanding Iftwo figures in a plane are congruent, you can map 
one onto the other using a composition of reflections. 


‘The theorems in this lesson lead to the fact stated above. Complete proofs of these 
theorems are beyond the scope of this course, but Problems 1 and 2 suggest approaches 
to the proofs of Theorems 9-1 and 9-2. Theorem 9-2 is the converse of Theorem 9-1. 


Theorem 9-1 


n of two reflections. 


A translation or rotation is a composi 
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Think 

How do you know 
that PA = AP’, 

P’B = BP’, and 
Le 

All three statements are 
true by the definition of 
reflection across a line. 


A composition of reflections across two A composition of reflections across two 
parallel lines is a translation. intersecting lines is a rotation. 


Composing Reflections Across Parallel Lines 


What is the image of R reflected first across line ( and then t m 
across line m? What are the direction and distance of the 
resulting translation? 


As you do the two reflections, keep track of the distance 
moved by a point P of the preimage. 


| Step 1 Reflect R across €. PA = AP’, so PP’ = 2AP’, | 


Step 2 Reflect the image across m. 
P’B = BP", so P'P” = 2P'B. 


P moved a total distance of 2AP’ + 2P’B, or 2AB. 


‘The red arrow shows the direction of the translation, so the direction of the translation 
is determined bya line perpendicular to ¢ and m. The total distance P moved is 2 - AB. 
Because AB 1. ¢, ABis the distance between ¢ and m, The distance of the translation is 
twice the distance between ¢ and m. 


@ Got It? 1, a. Draw parallel lines ¢ and m as in Problem 1. Draw R between ¢ and m. 


What is the image of R reflected first across line ¢ and then across line m? 
What are the direction and distance of the resulting translation? 

b. Reasoning Use the results of part (a) and Problem 1. Make a conjecture 
about the direction and distance of any translation that is the result of a 
composition of reflections across two parallel lines, 
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Think 


How do you show, 
that mZ1 = m22? 
Ifyou draw PP” and 
label its intersection 
point with line ¢ as, 
A, you can prove 
APC = AAP'C 

by S55. 


CO} problem 2] Composing Reflections Across Intersecting Lines 


Lines ¢ and m intersect at point Cand form an acute angle that ¢ 
measures 70. What is the image of R reflected first across line ( and 

then across line m? What are the center of rotation and the angle of R 

rotation for the resulting rotation? wy 
After you do the two reflections, follow the path of a point P of the C 


preimage. 


Step 1 Reflect R across ¢. 


m, 


Ba 
La 


Step 3 Draw the angles formed by joining P, P’, and P” to C. 


P | Step 2 Reflect the image across m, 


Ris rotated clockwise about the intersection point of the lines. The center of rotation 
is C. You know that mZ2 + mZ3 = 70. You can use the definition of reflection to 
show that mZ1 = mZ2 and mZ3 = mZ4.So,mZ1 + mZ2 + mZ3 + mZ4 = 140. 
‘The angle of rotation is 140° clockwise. 


Got It? 2. a. Use the diagram at the right, What is the image of R reflected 
first across line a and then across line b? What are the center of 
rotation and the angle of rotation for the resulting rotation? 

b. Reasoning Use the results of part (a) and Problem 2. Make a R 
conjecture about the center of rotation and the angle of rotation 
for any rotation that is the result of a composition of reflections 
across two intersecting lines. 


Ina plane, any two congruent figures with the same orientation are related by either a 
translation or a rotation, and therefore by two reflections, Suppose two congruent plane 
figures A and B have opposite orientations. Reflect A and you get a figure A’ that has the 
same orientation as B, Thus, B is a translation or rotation image of A’, By Theorem 9-1, 
two reflections map A’ to B. The net result is that three reflections map A to B. This is 
summarized in what is sometimes called the Fundamental Theorem of Isometries. 


Ina plane, one of two congruent figures can be mapped onto the other by a composition 
of at most three reflections. 
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If two figures are congruent and have opposite orientations (but are not 
simply reflections of each other), then there are a translation and a reflection oy 


that will map one onto the other. A glide reflection is the composition of a 
translation (a glide) and a reflection across a line parallel to the direction 
of translation. You can map a left paw print onto a right paw print with a ne 
glide reflection. 


CO) problem 3) Finding a Glide Reflection Image 


Coordinate Geometry What is the image of ATEX for a glide ety 
reflection where the translation is (x, y) -» (x,y — 5) and the ml 
line of reflection is x = 0? 


Know Need Plan 
‘The vertices of ATEX The image of First use the translation rule to 
‘+ The translation rule  ATEX forthe glide “translate ATEX. Then reflect the 
'* The line of reflection reflection translation image of each vertex across 
the line of reflection. 
Ey 
T al 
i | 
t xi! x 


Use the translation rule 
(xy) 04 y — 5) to T 
move ATEX down 5 units. 


Reflect the image of 
ATEX actoss the y-axis. 


Got It? 3. Graph ATEX from Problem 3. Whatis the image of A TEX for a glide 
reflection where the translation is (x, y) (x + 1, y) and the line of 
reflection is y = —2? 


Essential Understanding You can map one of two congruent figures in a 
plane onto the other bya single reflection, translation, rotation, or glide reflection. 


‘There are only four isometries. 


Translation Rotation Reflection Glide Reflection 
R Z 4 
“sik. Sook Ria 8--- 
Ps Y B 
Orientations are the same. Orientations are opposite. 
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@ PEO) Classifying Isometries 


Each figure is an isometry image of the figure at the right. Are the 

Think orientations of the preimage and image the same or opposite? What urn 

now dota ne type of isometry maps the preimage to the image? 

in the preimage and LA} n B 

image help you? My (4 

‘Compare the directions 

of the arrows: + yi 

(counterclockwise or KS w 

clockwise) to determine 

ifthe orientations of the ‘The orientations are opposite. ‘The orientations are the same. The 

figures are the same or image is not a simple reflection image is nota translation of the 

different, of the preimage. The isometry that preimage. The isometry that leads 
leads to opposite orientation but is to the same orientation butis nota 
nota reflection is a glide reflection. translation is a rotation. 


Got It? 4. Each figure is an isometry image of the figure at the right. Are the 
orientations of the preimage and image the same or opposite? What 
type of isometry maps the preimage to the image? 


a. b. « 
Lesson Check 
Do you know HOW? Do you UNDERSTAND? 
Describe the image of Z reflected first across line a and 4. Vocabulary In a glide reflection, what is the 
then across line b. relationship between the direction of the translation 


and the line of reflection? 


5. Error Analysis You reflect ADEF first across line m 


' 7 : 


<=: 
and then across line n. Your friend says you can get 
b the same result by reflecting ADEF first across line n 


and then across line m. Explain your friend’s error. 


3. APQR has vertices P(0, 5), Q(5, 3), and R(3, 1). 
What are the vertices of the image of APQR 
for a glide reflection where the translation is, 
(x y) +(x + 3,y — 1) and the reflection line 
isy = -2? 
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@ Practice and Problem-Solving Exercises 


ractice 


Find the image of each letter for a reflection first across line ¢ and then @ See Problems 1 and 2. 


across line m. Is the resulting transformation a translation or a rotation? 
For a translation, describe the direction and distance. For a rotation, tell 
the center of rotation and the angle of rotation. 


m 


6. F ; a M— € 8. ———— m 
wa , 


€ m 


Graph APNB and its glide reflection image for 
the given translation and reflection line. 


12. (x 7x + Zyiy =3 
13. (xy) > (yy — 3px = 0 
14. (wy) (e + By + Dey =x 


15. (x, y)>(®— Ly + Diy = —¥ 

Each figure below is an isometry image of the figure 
at the right, Tell whether the two figures’ orientations 
are the same or opposite. Then classify the isometry. 


16. @ 17. : 18. 19. 


@® See Problem 4. 


Each figure below is an isometry image of the figure at the right. Tell whether the =) 
two figures’ orientations are the same or opposite. Then classify the isometry. 1H} 
20. 7a 21. 2. Has 23. we 
Ss 227 XAG 
4 
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© -eply Use the given points and lines. Graph AB and its image A’B’ after a reflection 

= first across ¢, and then across (. Is the resulting transformation a translation 
ora rotation? For a translation, describe the direction and distance. For a 
rotation, tell the center of rotation and the angle of rotation. 


24, A(1, 5) and B(2, 1); 2x = 3; 2x = 7 25. A(2, 4) and B(3, 1); ¢): x-axis; €: y-axis 
26. A(—4, ~3) and B(—4,0); (:y = 4 fy = —x 27. A(2, —5) and B(—1, —3); €y:y = 0; fg:y = 2 
28. A(6, —4) and B(5, 0); = G6 lyx=4 29. A(— 


7 , O)and BOO, —2); (sy = “ey = 1 
30. Think About a Plan T— 7"(1, 5) by a glide reflection where the translation is 

(x,y) > (& + 3, y) and the line of reflection is y = 1. What are the coordinates of T? 

* How can you work backwards to find the coordinates of T? 

© Should Tbe to left or to the right of 1"? 

© Should Tbe above or below 1’? 


‘The two figures are congruent. Describe the isometry that maps the black figure 
onto the blue figure. 


31. 


33. Which transformation maps the black triangle onto the 
blue triangle? 


@® aglide reflection where the translation is 
(yy) > (y ~ 3) and the line of reflection 
isx = -2 


@® a 180" rotation about the origin 


© areflection across the line y = —} 
©@ areflection across the y-axis followed by a 180°rotation about the origin 


34, Writing Reflections and glide reflections are odd isometries, while translations and 
rotations are even isometries. Use what you have learned in this lesson to explain 
Why these categories make sense. 


35. Open-Ended Draw AABC. Describe a reflection, a translation, a rotation, and a 
glide reflection. ‘Then draw the image of AABC for each transformation. 


36. Reasoning ‘The definition states that a glide reflection is the composition of a 
translation and a reflection. Explain why these can occur in either order. 
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Cc} Challenge 


Kaleidoscopes ‘The vibrant images seen in a kaleidoscope are produced by 
compositions of reflections in intersecting mirrors. Determine the measure of 
the angle between the mirrors in each kaleidoscope image. 


Identify each mapping as a translation, reflection, rotation, or glide reflection. 
Find the translation rule, reflection line, center of rotation and angle of 
rotation, or glide translation rule and reflection line. 


40. AABC AEDC 
41. AEDC~> APQM 
42. AMN]~> AEDC 
43. AHIF AHGF 
44. APQM— AJLM 
45. AMNP> AEDC 
46. AJLM> AMNI 
47. APQM~ AKIN 
48. AKIN AABC 


49, AHGF> AKIN 


P-~ P'(3, —1) for the given translation and reflection line. Find the coordinates 
of P. 


50. (x, y) > (x — 3,y) 51. (uy) (uy — 3)y = 2 

52. (x J>(x —3,y— 3)sy=x 53. (x y)>(x + 4,y — djsy=—x 

54, Describe a glide reflection that maps the black R to the blue R. R 

For the given transformation mapping XY to prove that 

xVeax'y’. 

55. a translation 56. areflection 57. a rotation y 


58. Reasoning Does an x’ rotation about point P followed by a reflection across a 
line ¢ give the same image as a reflection across ¢ followed by an x° rotation 
about P? Explain, 


[ Lesson 9- 


Compo: 


SATIACT 
Oe 


Standardized Test Prep 


59. What is the image of P(11, —5) for the translation (x, y) (x — 12, y — 6), followed 
bya reflection across x = 0? 


@Mi,-1) @®Be1iiy) ©) D1) 


60. ABCDisa rectangular window divided into 12 panes of glass. E, FG and Hare A E B 
midpoints of Al ), and AD, respectively. Which statement must be true? 


® The quadrilateral panes are squares. 


H F 

@® The quadrilateral panes are rhombuses. 

D] the triangular panes are all congruent. 

®D] the triangular panes are right wiangles. D G c 
61. A triangle has side lengths 7 in., 9 in., and xin, Which inequality must be true? 

Di<x<9 ®D -2<x<9 OM2<x«<16 M7<x<16 
62. AABC has vertices A(0, 5), B(0, 0), and C(5, 0). APQR has vertices P(0, 15) and 

Q(0, 0). AABC ~ APQR. What are the coordinates of R? 

®D 0, -5) @ (0, -15) D5, -15) D5, 0) 


63. AABC and AHIG are acute triangles such that AABC = AHIG. BL and IT are 
altitudes of the two triangles. Is BL = TT? Justify your answer. 


Mixed Review 


Coordinate Geometry Find the image of AABC for a dilation with center (0,0) @ See Lesson 9-5. 
and the given scale factor. 


64. A(0, 4), B(0, 0), C(—3, —1); scale factor 3 65. A(4, 2), B(2, 8), C(8, 0); scale factor 1.5 
66. A(2, 3), B(—4, ~2), C(5, ~3); scale factor 2 67. A(7, 8), B(5, 4), C(9, 6); scale factor 0.5 
Identify the two statements that contradict each other. @ See Lesson 5-5. 


a right triangle. 69. IL. Inright AABC, mZB = 90. 
equiangular. IL, In right AABC, mZ.A = 80. 
IIL, AABC is isosceles. IIL, In right AABC, mZC = 90. 


Get Ready! To prepare for Lesson 9-7, do Exercises 70-78. 


Classify the polygon with the given number of sides. @ See Review, p. 57. 
70. five 71. eight 72.12 

Find the measure of an angle of each regular polygon. @ See Lesson 6-1. 
73. triangle 74. quadrilateral 75. hexagon 

76. octagon 77. decagon 78. 14-gon 
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Concept Byte 


Use With Lesson 9-6 


oer 


A frieze pattern is a design that repeats itself along a straight line. You can see frieze 
patterns in design trim, They often appear along the edges of buildings or as wallpaper 
borders of rooms. Every frieze pattern can be mapped onto itself by a translation, 


Some frieze patterns can be mapped onto themselves by reflections, 


: GRUGRWIRWARW: : PE ae 
Some frieze patterns have repeated rotational symmetry. 


*\S\S\SN\ ” KXXXKMXAK 


Some frieze patterns show glide reflections. 


Exercises 


For Exercises 1-4, refer to the frieze patterns above. You may find tracing 
paper helpful. 


1. For each frieze pattern, find a portion (as small as possible) that you could 
translate repeatedly to form the entire pattern, 


2. Which patterns show reflectional symmetry? Find their reflection lines. 
3. Which patterns show rotational symmetry? Find their centers of rotation. 
4. Which patterns show glide reflections? Find a glide translation and reflection line. 


For each frieze pattern below, describe all transformations that map the pattern 
onto itself. 


[Koncept Byte friezePattems «| «SOB 


Concept Byte 


Use With Lesson 9-7 


‘The following activity shows the steps for making a creative tessellation, or repeating 
pattern of one or more shapes that fills a plane without leaving any gaps. 


Step 1 Drawa 1.5-in. square on a blank piece of paper and cut it out. 
Step 2. Drawa curve with endpoints on one side. 


Step 3 Cutalong the curve you drew and slide the cutout piece to the opposite side 
of the square. Tape it in place. 


Step4 Repeat this process using the other two opposite sides of the square. 


Step 5 Rotate the resulting figure, What does the figure look like? Is ita penguin 
wearing a hat or a knight on horseback? Could it be a dog with floppy ears? 
Use your imagination and decorate your figure. 


Step 6 Make a tessellation using your figure. 


Exercises 


Use the method described in the activity above to make a creative tessellation with 
each of the following types of polygons. 


4. arectangle with length 3 in. and width 2 in, 
2. a parallelogram with 2-in, sides 
3. a regular hexagon with 1.5-in, sides 
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Tessellations 


Objectives ‘To identify figures that tessellate 
‘To identify transformations and symmetries in tessellations 


Cs 
| In the quilt block at the right, four congruent kites meet at 
one vertex, with white gaps around the vertex. In the two ) 


arrangements below, the kites meet at one vertex with no 
FRR ops. Consider each arrangement as a single shape (outlined A. 
pemmenreneg in white). For which shape can you fit multiple copies 

of shapes. There together in a way that leaves no gaps? How do you know? 


should be no gaps . 
or overlaps. 


without gaps or overlaps. You can make tessellations with translations, rotations, and 


Bea | A tessellation, or tiling, is a repeating pattem of figures that completely covers a plane, 


Vocabulary i 
essellation reflections. You can find shapes that tessellate in art (see Problem 1 below), nature (cells 
* translational in a honeycomb), and everyday life (tiled floors). 
symmetry 
* olde retecione Some shapes can fit together in a repeating pattern 
symmeny, that fills a plane without gaps or overlaps. ‘The angle measures of polygons that fit 
together in this way have a special relationship. 
- Ss) Describing Tessellations 
How do you What is the repeating figure in this tessellation? 
recognize the What transformation does the tessellation use? 
transformation? paseo . 
‘Comparing the postions é ‘This tessellation uses a rotation. The 
of several pairs of fish, bird, and two turtles together 
corresponding points will form the repeating figure. The arrows 
Hep yous tine show how each point of the repeatin; 
points moved, Pe peas 


figure rotates. 
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[Lesson 


Plan 

How can you use the 
fact that the sum 

of the measures of 
the angles around 

a vertex ina 
tessellation is 360? 
First, determine the 
measure of each angle 
of a regular 18-gon. Then 
‘check whether a multiple 
of this measure is 360, 


7) Got It? 1. Whatis the repeating figure in the tessellation? What ansformation does 
the tessellation use? 


‘The figures in a tessellation do not overlap 
or leave gaps. If the figures are polygons, the 
sum of the measures of the angles around any 
vertex in the tessellation must be 360. 


| Think 


All angles ofa regular 18-gon 
have the same measure. 


‘Use the Polygon Angle-Sum 
Theorem to find a, Substitute 
18 for n and simply. 


1s there a multiple of 160 that 
equals 360? 


Two copies of the 18-gon will 
leave gaps. Three copies of 
the 18-gon will overlap. 


Tessellation 


QQIBSIED) cetermining Whether a Figure Tessellates 


Does a regular 18-gon tessellate? Explain, 


Write 


Let a = the measure of one 
angle of a regular 18-gon. 


_ 180(n ~ 2) 
a=“ 
_ 180(18 ~ 2) 


18 
= 160 


160 - 2 = 320 


- 160-3 = 480 


There is no multiple of 160 that 
equals 360, so a regular 18-gon 


~ does not tessellate. 


@ Got It? 2. Does a regular hexagon tessellate? Explain. 
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Gi 
i 


Not a tessellation 


A figure does not have to be a regular polygon to tessellate. Every triangle and every 
quadrilateral tessellates, as the figures below show. 


Each angle of the triangle 
appears twice at each vertex. 


Each angle of the 
quadrilateral appears 
at each vertex. 


Every tessellation has at least one type of symmetry. The tessellation 
with regular hexagons at the right has reflectional symmetry in each of 
the blue lines. Ithas rotational symmetry centered at each of the red 
points. The tessellation also has translational symmetry and glide 
reflectional symmetry, as shown below. 


ayy ia 
SAIN NVA NVAN 


Ly 
VALERA 
ALISALAY 


Think 


How can you test the 
tessellation for the 


different types of 


What types of symmetry does the tessellation at the right have? 


Identifying Symmetries in a Tessellation 


‘The tessellation has rotational symmetry, centered at each red 
point, and translational symmetry, as shown by the blue arrow. 


@ Got It? 3, a. What types of symmetry does the tessellation at the 
right have? 

b. Reasoning ‘the figure in Problem 3 shows one 
translation arrow. Copy the diagram and show 
translation arrows for two other translations that 
map the tessellation onto itself, 


[XS 

IIS) 
ae! 

BESSY 
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Lesson Check 


Do you know HOW? _ Do you UNDERSTAND? 
4. What is the repeating figure 4, Vocabulary A tessellation has translational 
in this tessellation? What symmetry. Must the tessellation also have glide 
transformation does the reflectional symmetry? Explain. 


tessellation use? 


" 


. Reasoning Ifyou arrange three regular octagons so 
that they meet at one vertex, will they leave a gap or 
2. Does a regular 15-gon tessellate? Explain. will they overlap? Explain, 


2 


3. What types of symmetry does the tessellation . Error Analysis A classmate says that a regular 
below have? ‘n-gon will tessellate if 3 = n = 6. Explain your 
classmate's error. 


Open-Ended Copy the 
parallelogram at the right and 
use it to make two different 


tessellations, 


bea 


e and Problem-Sol 


@-.. 


Q practice —_oes the picture show a tessellation of a repeating figure? Ifso, identify the @ See Problem 1. 
= repeating figure and the transformation used. 


8. qe - 


g Exercises 
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Apply 


Determine whether each figure will tessellate a plane. Explain. @ See Problem 2. 


12. equilateral triangle 43. square 14. regular pentagon 

15. regular heptagon 16. regular octagon 17. regular nonagon 

List the types of symmetry each tessellation has. @ See Problem 3. 
18. 19. 


ens 
ee 


20. 21. 


Use each figure to make a tessellation on dot paper. 
22. esha 23. 


25. Which puzzle piece can tessellate a plane using only translation images of itself? 
Show how to tessellate with each figure described below. Try to draw two 
different tessellations. If you think that two are not possible, explain. 

26. ascalene triangle 

27. the pentagon at the right 

28. a quadrilateral with no sides parallel or congruent 

29. Writing A pure tessellation is a tessellation made up of congruent copies of one 


figure. Explain why there are three, and only three, pure tessellations that use 
regular polygons. (Hint: See Exercises 12-17.) 


30. Think About a Plan A semiregular tessellation is 
made up of two or more different regular polygons, 
with the same arrangement of the polygons at each 
vertex, Can you use regular octagons and squares, 
all with side length 1 unit, to make a semiregular 
tessellation? If so, draw a sketch. 

* Why is knowing that the figures have the same 
side length important? ‘One hexagon, two squares, and one equilateral triangle 

* What is the sum of the measures of the angles at__ meet at each vertex of this semiregular tessellation. 
each vertex? 


Can you make a semiregular tessellation using the given pair of regular polygons? 
If so, draw a sketch. 


jormner 


Determine whether each statement is always, sometimes, or never true. Explain. 


33. Ascalene triangle will tessellate. 34, Arhombus will tessellate. 


35. A hexagon will tessellate. 36. A regular decagon will tessellate. 


Can each set of polygons be used to make a tessellation? If so, draw a sketch. 


Ja Aa 


List the types of symmetry each tessellation has. 
39. 


40. 


Qhaltenge 41. Follow these steps to make a tessellation of a quadrilateral. 
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a. Draw quadrilateral ABCD with no two sides congruent. Locate M, the midpoint 
of AB, and N, the midpoint of BC. 

b. Draw the image of ABCD for a 180° rotation about M. 

¢. Draw the image of ABCD for a 180° rotation about N. 

d. Draw the image of ABCD for the translation that maps D to B. 


Chapter 9 Transformations 


42. List steps (like those in Exercise 41) that suggest a way to tessellate with any scalene 
triangle. Then list a second set of steps that suggest another way. 


Copy the Venn diagram. Write each exercise number in the correct 
region of the diagram. 


43. scalene triangle 44, obtuse triangle Figures that 


tessellate Polygons 
45. kite 46. equilateral A 


47. regular decagon 48. square 
Regular 
49. regular hexagon 50. regular octagon polygons 


51. rhombus 52. isosceles A 


Standardized Test Prep ERIDDED RESPONSE 


SATIACT 53. What is the maximum number of sides less than 10 that a regular polygon can have 
= and still tessellate a plane? 


54. To the nearest hundredth, what is the value of x in the diagram at the right? 


55. In AFGH and AXYZ, 2G and ZY are right angles. FH = XZ and GH = YZ. 


If GH = 7 ft and XY = 9 ft, what is the area of AFGH in square inches? 
20 


56. AACB is isosceles with base AB. Point D is on AB and CD is the bisector of 2C. 
If CD = Sin, and DB = 4in., what is BC to the nearest tenth of an inch? 


57. Two angle measures of A/KL are 30 and 60. The shortest side measures 10 cm. 
What is the length, in centimeters, of the longest side of the triangle? 


Mixed Review 


58. A triangle has vertices A(3, 2), B(4, 1), and C(4, 3). Find the coordinates @ See Lesson 9-6. 
of the images of A, B, and C fora glide reflection with translation 
(x,y) > (4, y + 1) and reflection line x = 0. 


‘The lengths of two sides of a triangle are given, What are the possible @ See Lesson 5-6, 
lengths for the third side? 


59. 16 in,, 26 in, 60. 19.5 ft, 20.5 ft 61. 9m,9m 62. 4} yd, 8 yd 


Get Ready! To prepare for Lesson 10-1, do Exercises 63-66. 
Find the area of each figure. @ See Lesson 1-8. 
63. a square with 5-cm sides 64. a rectangle with base 4 in, and height 7 in. 


65. 24.6 m-by-2.5 m rectangle 66. a rectangle with length 3 ft and width } ft 
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To solve these 
problems you 
will pull together 
many concepts 
and skills 

that you have 
studied about 
transformations. 


(9) Pull it All Together 


BIG ideo Visualization 
You can use visualization to find the image of a figure for a transformation. 


Task 1 


Each figure below is part of a capital letter in the English alphabet. To find the whole 
letter, combine the figure with its image for the appropriate rotation or reflection. What 
letter corresponds to each figure? What transformation produces each letter? 


Pee. ee: A 


~] 


BIG ideo Transformations 
You can use transformations to describe a change in the position of a point. 


Task 2 


‘The arcs in the photo at the right appear to be paths of stars rotating 
about the North Star. To produce this effect, the photographer set a 
camera on a tripod and left the shutter open for an extended time. 
If the photographer left the shutter open for a full 24 hours, each arc 
would be a complete circle. 

You can model a star's “rotation” in the 
coordinate plane. Place the North Star at 


the origin, Let P(1, 0) be the position of the 14 
star at the moment the camera’s shutter pest \ 
tar | 


opens. Suppose the shutter is left open for 
2h 40 min, with the arc ending at P’. 


a. What angle of rotation maps P onto P’? 
b. What are the x- and y-coordinates of P’ to the nearest thousandth? 
¢. What translation rule maps P onto P’? 


BIG ideo Coordinate Geometry 
You can use coordinate geometry to prove a dilation image is similar to its preimage. 


Task 3 

Copy the graph at the right. On the same set of axes, graph the image of MNOP 
for a dilation with center (0, 0) and scale factor 2. Use coordinate geometry and 
the definition of similar polygons to prove that MNOP is similar to its image. 
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Connecting BIG ideas and Answering the Essential 


1 Transformations 
‘When you translate, reflect, Transformations 


or rotate a geometric figure, (Lessons 9-1, 9-2, 9-3, and 9-5) 
its size and shape stay the 


s The black triangle is the preimage of each 
same, When you dilate a transformation. 

geometric figure, the figure 

is enlarged or reduced. al! 


Reflection 
2 Coordinate 
Geometry 
You can show a 
transformation in the 


coordinate plane by 
graphing 2 figure and its Tt Hransfation 
image. 

Symmetry (Lesson 9-4) 


Line Symmetry Rotational Symmetry 


3 Visualization 4 i 
Visualize a transformation a? H 
that maps a figure onto 
itself. 

v 


uestions 


Composing Transformations 
(Lesson 9-6) 

Aglide reflection moves the black 
triangle down 3 units and then 
reflects it across the line x = 


Tessellations (Lesson 9-7) 
Atessellation uses transformations 
ofa figure to make a repeating 
pattern that fills a plane. Every 
tessellation has at least one type 
of symmetry. 


& Chapter Vocabulary 


center of a regular * glide reflection (p.587) _* line symmetry (p. 568) 
polygon (p. 560) * glide reflectional * preimage (p. 544) 
+ composition of symmetry (p. 597) * reflection (p. 553) 
transformations (p.547) _* image (p. 544) * rotation (p. 559) 
* dilation (p. 575) + isometry (p. 544) * rotational symmetry 
(p. 568) 


Choose the correct term to complete each sentence. 

1. A(n) _?_ isa change in the position, shape, or size of a figure. 
2. A(n)_! 
3. In a(n) 


is a transformation in which the preimage and the image are congruent. 


, all points of a figure move the same distance in the same direction. 


4. A(n) _?_ isa translation followed by a reflection across a line parallel to the 
direction of the translation. 


+ tessellation (p. 595) 

* transformation (p. 544) 

+ translation (p. 546) 

* translational symmetry 
(p. 597) 


ieee uciskeue [Chapter 9 Chapter Review 
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9-1 Translations 


Quick Review 

A transformation of a geometric figure is a change in its 
position, shape, or size. An isometry is a transformation in 
which the preimage and the image are congruent. 

A translation is an isometry that maps all points of a figure 
the same distance in the same direction. 

In acomposition of transformations, each 
transformation is performed on the image of the preceding 
transformation. 


Example 


What are the coordinates of the image of A(5, 9) for the 
translation (x,y) > (x — 2,y + 3)? 


Substitute 5 for. rand ~9 foryin the rule. 
A(5,9)>(5 — 2, —-9 + 3), or A’(3, —6). 


9-2 and 9-3 Reflections and Rotations 


Quick Review 


‘The diagram shows a reflection 4 

across line r. A reflection is an 4+-At 
iaciréley hls Reeire ant es 
image have opposite orientations. ma 

‘The diagram shows a rotation of 

2 about point R. A rotation is an oes 
isometry in which afigureandits — pe- 7 : 
image have the same orientation, RS 
Example 


Use points P(1, 0), Q(3, -2), and R(4, 0). What is the 
image of APQR reflected across the y-axis? 


Graph APQR. Find P’, Q’, ty 

and R' such thatthe y-axis. A”) BL RX 
is the perpendicular Ol 
bisector of PP’, QQ", and A tal 

RR’. Draw AP'Q'R'. Q { 
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Exercises 


5. a. A transformation maps 
ZOWE onto LFMA. Does 
the uansformation appear 
to bean isometry? Explain. 

b. What is the image of ZE? M 
Whatis the preimage of M24 
6. ARST has vertices R(0, 4), S(—2, —1), and 
T(—6, 1). Graph the image of ARST for the 
translation (x, y)>(« — 4,y + 7). 


7. Write a rule to describe a translation 5 units left and 
10 units up. 


8. Find a single translation that has the same effect as 
the following composition of translations. 
(xy) > (x — 5,y + 7) followed by (x, y)> (x + 3,9) 


Exercises 


Given points A(6, 4), B(-2, 1), and C(5, 0), graph AABC 
and its reflection image across each line. 


9. the x-axis W.x= 4 Wy=x 
12. Copy the diagram. Then draw z x 
the image of AZXY for a 90° 
rotation about P. Label the 


vertices of the image using Ye 


prime notation, 


13. Find the image of P(~4, 1) for a 180° rotation about 
the origin. 


Point Ois the center of regular pentagon NMPQR. 
14, What is the image of point N fora NM 


composition of a 72° rotation and a 
144° rotation about 0? R Pp 

15. What is the angle of rotation that re 
maps point P to point Q? 


9-4 Symmetry 


Quick Review 
A figure has reflectional symmetry or line symmetry if 
there is a reflection for which itis its own image. 


A figure that has rotational symmetry is its own image for 
some rotation of 180° or less. 


A figure that has point symmetry has 180° rotational 
symmetry. 


Example 
How many lines of symmetry does an equilateral 
triangle have? 


An equilateral triangle reflects onto itself 
across each of its three medians. The 
triangle has three lines of symmetry. 


9-5 Dilations 


Exercises 


Tell what type(s) of symmetry each figure has. If it has line 
symmetry, sketch the figure and the line(s) of symmetry. 
Ifithas rotational symmetry, state the angle of rotation. 


ae 


19. How many lines of symmetry does an isosceles 
trapezoid have? 


20. What type(s) of symmetry does a square have? 


21. Give an example of a three-dimensional object that 
has rotational symmetry about a line. 


Quick Review 

‘The diagram shows a a 
dilation with center Cand an 

scale factorm.the preimage ¢--" (/_ 

and image are similar. = 

In the coordinate plane, 

if the origin is the center of a dilation with scale factor n, 
then P(x, y) > P'(nx, ny). 


Example 

‘The blue figure is a dilation image of the 
black figure. The center of dilation is A. Is 
the dilation an enlargement or a reduction? 
What is the scale factor? 


‘The image is smaller than the preimage, so 


the dilation is a reduction. ‘the scale factor is A 
imagelengih 22D 
originallengh — 2+ 4 ~ 67 OF 3- 


Exercises 


22. The blue figure is a dilation 
image of the black figure. The 
center of dilation is O. Tell 
whether the dilation is an 
enlargement or a reduction. 
‘then find the scale factor, 


Graph the polygon with the given vertices. Then graph 
its image for a dilation with center (0, 0) and the given 
scale factor. 


23. M(—3, 4), A(—6, 1), T(0, 0), H(3, 2); scale factor 5 
24, F(—4, 0), U(5, 0), N(-2, ~5); scale factor 3 
25. A dilation maps ALMN onto AL’M'N’. LM = 36 ft, 


LN = 26 ft, MN = 45 ft, and L’M’ = 9 ft. Find L’ 
and M'N'. 


PowerGeometry.com 
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9-6 Compositions of Reflections 


Quick Review 

‘The diagram shows a glide reflection 
of N. A glide reflection is an isometry 
in which a figure and its image have 
opposite orientations. u 


‘There are exactly four isometries: translation, reflection, 


rotation, and glide reflection. Every isometry can be 
expressed as a composition of reflections. 


Example 
Describe the result of reflecting P first 
across line (and then across line m, 


A composition of two reflections across 
intersecting lines is a rotation, The angle 
of rotation is twice the measure of the acute angle formed 
by the intersecting lines, P is rotated 100° about C. 


9-7 Tessellations 


Exercises 


26. Sketch and describe the result of 
reflecting E first across line € and 
then across line m. 


as 


Each figure is an isometry image of the Og, 
figure at the right, Tell whether their o o 
orientations are the same or opposite. 
‘Then classify the isometry. 
27. 2. 4 2.9 

le % a2 © 

e gs? 


30. ATAM has vertices T(0, 5), A(4, 1), and M(3, 6). 
Find the glide reflection image of ATAM for the 
translation (x, y) — (x — 4, y) followed by reflection 
across the line y = —2. 


Quick Review 

A tessellation is a repeating pattern of figures that 
completely covers a plane without gaps or overlaps. Ifthe 
figures are polygons, the sum of the measures of the angles 
around any vertex in the tessellation is 360. 


Every tessellation displays at least one type of symmetry: 
reflectional, rotational, translational, or glide reflectional 
symmetry. 


Example 

Does a regular decagon tessellate? Explain, 

Use the Polygon Angle-Sum ‘Theorem to find the measure, 

a, of each angle of a regular decagon. 
a= wis = 2) i me 2) = 1a 


‘The sum of the angle measures around one vertex of a 
tessellation must be 360, 144 is nota factor of 360, so a 
regular decagon does not tessellate. 
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Exercises 


For each tessellation, (a) identify the repeating figure 
and the transformation used, and (b) list the types of 
symmetry the tessellation has. 


31. 32. 3 
: > 


Determine whether each figure tessellates. If so, draw a 
sketch, Ifnot, explain. 


33. akite 34. a regular 14-gon 
35. 36. 


Do you know HOW? 


For Exercises 1-7, find the coordinates of the vertices of 
the image of ABCD for each transformation. 


1. reflection across 
the line x = —4 


2. translation 
(x,y) + (x — 6 y + 8) 
3. rotation of 90° about 


the point (0, 0) 


a 


dilation with center (0, 0) and scale factor $ 


5. glide reflection with translation (x, y) + (x,y + 5) 
and reflection across the line x = 0 


6. reflection across the line y = 


bad 


dilation with center (0, 0) and scale factor 3 


8. Write the translation rule that maps P(—4, 2) onto 
P(~-1, -1). 


What type of transformation has the same effect as 
each composition of transformations? 


9. translation (x, y) — (x,y — 5) followed by reflection 
across the line x = 6 


10. translation (x, y) + (x — 3,y + 2) followed by 
translation (x, y) — (x + 8,y — 4) 


1 


. reflection across the line x = —2 and then across 
the line x = 4 


12. reflection across the line y = 
the line y = x 


x and then across 


What type(s) of symmetry does each figure have? 


OL 


PowerGeometry.com 
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Determine whether each figure will tessellate. If so, 
draw a sketch. If not, explain. 


16. bie: 17. | 18. 


19, List the types of symmetry the tessellation has. 


Identify the isometry that maps the black figure onto 
the blue figure. 


20. 


Do you UNDERSTAND? 
22. Vocabulary Isa dilation an isometry? Explain, 
23. Writing Line m intersects UH at N, and UN = NH. 


Must H be the reflection image of U across line m? 
Explain your reasoning. 


24, Coordinate Geometry A dilation with center (0, 0) 
and scale factor 2.5 maps (a, b) onto (10,25). What 
are the values of a and b? 


25. Error Analysis A classmate says that a certain 
figure has 50° rotational symmetry. Explain your 
classmate's error. 


26. Reasoning Choose points A, B, and Cin the first 
quadrant. Find the coordinates of 4’, B’, and C’ by 
multiplying the coordinates of A, B, and C by ~2. 
What composition of transformations maps AABC 
onto AA’B'C’? Explain. 
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TIPS FOR SUCCESS 


Some problems ask you to 
perform a transformation on a AG'H'K’ is the image of AGHK fora 
figure in the coordinate plane. dilation with center (0, 0) and H’K’ = 8. 
Read the sample question at What are the coordinates of H’? 
the right. Then follow the tips to z Tr 
answer: Think It Through 
x ‘The scale factor is 
ott HK _8_ 
t, AK ~ 4 
‘To find the coordinates of H’, 
a multiply the coordinates of 
t A by the scale factor. H’ is at 
(2+ (-1), 2 + 2), or(-2,4). 
Oar ‘The correct answer is A. 
D (4,2) 
| = Multiple Choice 
Vocabulary Builder ple C 


As you solve problems, you must understand 
the meanings of mathematical terms. Match 
each term with its mathematical meaning. 


A. centroid |. areflection for which the 


Bcircumcenter __‘AUre IS its own image 


Il, the point of concurrency of 


C Boeeymmety ap medians na ciangie 

D. point symmetry jy 51, equation that states that 

E. proportion two ratios are equal 

F. tessellation IV. a repeating pattern of 
figures that completely 
covers a plane, without gaps 
or overlaps 


V. asymmetry for which the 
figure is its own image for a 
180° rotation 


VI. the point of concurrency of 
the perpendicular bisectors 
ofa triangle 


Read each question. Then write the letter of the correct 
answer on your paper. 
1. Which quadrilateral must have congruent diagonals? 
D® kite © parallelogram 
@® rectangle @® rhombus 


2. Ina 30°-60°-90° triangle, the shortest leg measures 
13 in. Whatis the measure of the longer leg? 


@® 1in. @® 13V3 in. 
@® 13v2in. @D Bin. 


3. Three vertices of CJABCD are A(1, 7), B(0, 0), and 
(7, ~1). What are the coordinates of D? 
@® (6,6) © (7,7) 
® (6,8) D (8,6) 


4. Mica and Joy are standing at corner A of the 
rectangular field shown below, 


A 


Mica walks diagonally across the field, from corner A 
to corner C. Joy walks from corner A to corner B, and 
then to comer C. To the nearest hundredth of a mile, 
how much farther did Joy walk than Mica did? 


@® 0.54 mi @® 1.46 mi 
@ imi @D 2mi 
5. What is the area of the square? 


5\7ft 
@® ste? @ ovate 
® 1001? D 1508? 
6. What type of symmetry does 
the figure have? 


@ 60" rotational symmetry 


@® 90° rotational symmetry 
@® line symmetry 
<® point symmetry 
7. Which conditions allow you to conclude that a 
quadrilateral is a parallelogram? 
® one pair of sides congruent, the other pair of 
sides parallel 
® perpendicular, congruent diagonals 
© diagonals that bisect each other 


D one diagonal bisects opposite angles 


8. Which statement is the contrapositive of the following 
conditional statement? 

If Peg serves pudding, then it is not Laura's birthday. 
® If Peg serves pudding, then it is Laura's birthday. 
® If Peg does not serve pudding, then itis 

Laura's birthday. 


® [itis not Laura's birthday, then Peg 
serves pudding. 


@® itis Laura's birthday, then Peg does not 
serve pudding. 


9. In aright triangle, which point lies on the hypotenuse? 
@® incenter @ cenuoid 
@® orthocenter ®D circumcenter 

10. In ALMN, P is the centroid and LE = 24, What is PE? 


F 
@Bs @®Dio 
@9 Die 

11. What is the sum of the angle measures of a 32-gon? 
@®D 3200 @D 5400 
@® 3800 @D 5580 


12. The diagonals of rectangle PQRS intersect at H. What is 
the length of QS? 


P. Q 


Ss R 
@Més @D 23 
@ LR D6 
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a 


GRIDDED RESPONSE 


13. What is the value of xfor which p || q? 


15. What is the area of the square, in square units, in the 
figure below? 


16. In PQRS, what is the value of x? 
R 


ra 
17. For what value of x are the (wo triangles similar? 


5x-2 
23 — 7 
Z™ a 
3-2 6 


18. Your friend is 5 ft 6 in. tall. When your friend’s shadow 
is 6 ft long, the shadow of a nearby sculpture is 30 ft 
Jong. What is the height, in feet, of the sculpture? 


19. Lucia makes a triangular garden in one comer of her 
fenced rectangular backyard. She has 25 ft of edging 
to use along the unfenced side of the garden, One of 
the fenced sides of the garden is 15 ftlong. What is the 
length, in feet, of the other fenced side of the garden? 


Short Response 


20. ADEB has vertices D(3, 7), £1, 4), and B(—1, 5). In 
which quadrant(s) is the image of A DEB for a 270° 
rotation about the origin? Draw a diagram. 


21. What is the area of an isosceles right triangle whose 
hypotenuse is 7 V2? Show your work. 


22. The coordinates of the endpoints of are C(5, 2.5) 
and D(0, ~9.5). Find the length of CD and the 
coordinates of the midpoint of CD. Show your work. 


23. In AABC below, AB = CB and BD 1 AC. Prove that 
AABD = ACBD. 
8 


A oO c 


Extended Response 
24, Is AABC aright triangle? Justify your answer, 
7 


va 


id { 


25. The capital letter T shown at the right 
is made up of five congruent squares, 
‘Sketch a tessellation using congruent 
copies of this T, What symmetries does 
your tessellation have? 
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